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Abstract

Numerical simulations for Rayleigh-Taylor (RT) and Richtmyer-Meshkov (RM)
instabilities for three dimensional axisymmetric fluids have been successfully con-
ducted by a front tracking method. In the first simulation, we consider single mode
RT instability for an axially symmetric perturbed interface in a circular tube. We
compare the computed bubble velocity with theory and laboratory experiment and
find excellent agreement. The second simulation studies the RM instability for an
axisymmetric sphere driven by an imploding shock. We investigate the growth rate
of perturbation, the reshock process and the phase inversion phenomenon.

1 Introduction

The evolution of Rayleigh-Taylor (RT) and Richtmyer-Meshkov (RM) instabilities
has been the focus of investigations for many years due to its wide range of appli-
cations and the scientific interest in the chaotic fluid flows they produce. When,
at the interface between two fluids of different densities, the light fluid pushes the
heavy fluid, the interface is Rayleigh-Taylor unstable and develops a fingering in-
stability. This instability appears in many interesting physical situations, such as
the laser implosion of deuterium-tritium fusion targets, electromagnetic implosion
of metal liners, overturn of the outer portion of the collapsed core of massive stars,
etc. For a review article giving examples and phenomenology of the Rayleigh-
Taylor instability, see Sharp [9]. The Richtmyer-Meshkov instability is generated
when a shock wave refracts through the interface between two materials. Such an
instability was predicted theoretically by Richtmyer [8] and experimentally veri-
fied by Meshkov [7]. This class of problem has applications in such disparate fields
as inertial confinement (ICF), high-speed combustion and evolution of supernova.
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The literature is rich in studies on the stability of plane interfaces. Though the
stability of curved interfaces has received similar attention recently, there are still
many problems which are remained to be solved, especially RT and RM instabil-
ities in three dimensions. In this paper we study a circular RT bubble rising in a
cylindrical tube and the evolution of RM instability of an axisymmetrically per-
turbed sphere driven by an imploding spherical shock.

2 Equations and numerical method

The three dimensional Euler equations for a compressible, inviscid gas can be
written as

�t �r � ���v� � �� (1)

���v�t �r � ���v � �v� �rp � ��g� (2)

��E�t �r � ��E�v � p�v� � ��v � �g� (3)

where � is the mass density of the fluid, �v is the fluid velocity, E � e � �

�
�v � �v is

the total specific energy with the specific internal energy e, p is the pressure and
�g is the gravity, which we will take as pointing in the �e� directing, i.e. vertically
upwards.

We introduce cylindrical coordinates �r� �� z� by the transformation:

x � r cos ��

y � r sin ��

z � z�

Let �e� � ��� �� ��, �e� � ��� �� ��, �e� � ��� �� �� be the unit vector basis for
the rectangular coordinate system. Let ��r� ��� �z� be the unit vector basis for the
rotational coordinate system defined by

�r � �e� cos � � �e� sin ��
�� � ��e� sin � � �e� cos ��

�z � �e��

Let �v � v��r�v��z�v��� and �g � g��r�g��z�g���. Assuming rotational symmetry
of the solution �, ��v, �E of (1)-(3), v� � �, g� � � and the system is independent
of �. Under rotational symmetry and using this rotational coordinate system the
equations (1), (2), (3) can be transformed to:

�t � ��v��r � ��v��z � ��

r
�v�� (4)

��v��t � ��v�
�
�r � ��v�v��z � pr � ��

r
�v�

�
� �g�� (5)

��v��t � ��v�v��r � ��v�
�
�z � pz � ��

r
�v�v� � �g�� (6)
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��E�t � ��Ev��r � ��Ev��z � �pv��r � �pv��z � ��

r
�Ev� � �

r
pv�

���g�v� � g�v��� (7)

The numerical method we use for computing RT and RM simulations is a
front tracking method, which is an adaptive computational method in which a
lower dimensional moving grid is fit to and follows the dynamical evolution of
distinguished waves in a fluid flow. In this paper, we are interested in the evolu-
tion of a material interface (contact front) separating fluids of distinct densities.
The ideas of front tracking can be described briefly as follows. We project the
front dynamics into normal and tangential directions, which are thus split into two
one-dimensional problems accordingly. The problem in the normal direction is
a non-local Riemann problem. After updating the states on each side of the dis-
continuity, we move the front point by the computed wave speed. Secondly we
solve the problem in the tangential direction. Since this is a smooth problem, we
use the Lax-Wendroff or MUSCL schemes to update the states along each side
of the front. Finally we update the states in the interior smooth region using the
Lax-Wendroff or MUSCL algorithms with the front data as a boundary condi-
tion. By tracking discontinuous waves one can include explicitly jumps in the
variables across the waves and keep all discontinuities perfectly sharp. Thus we
never perform finite differencing across the front. Therefore the main advantage of
the Front Tracking method is that it completely eliminates the numerical diffusion
that is inherent in any standard finite-difference method. This statement applies to
mass diffusion as well as to interfacial vorticity, which is a leading contribution
to numerical dissipation. In addition, the nonlinear instability and post-shock os-
cillations common to other methods are reduced by explicitly tracking the front.
This method has been proved very successful in wide range of interface instability
simulations [1, 3, 4, 5, 10]. For a more detailed description of the Front Tracking
method, see Chern et al [1].

3 Cylindrical Rayleigh-Taylor instability

The r z domain of interest is �r�� r�� � �z�� z��, with a minimum radius rmin �
r� � �. A light fluid is placed on top of a heavy fluid with the gravitational
force pointing upward. This configuration is physically unstable. When the fluid
is slightly perturbed, the light and heavy fluids inter-penetrate to form bubbles of
falling light fluid and spikes of rising heavy fluid in the nonlinear stage of the in-
stability development. (Recall that �g is oriented upwards.) The bubbles and spikes
each move toward the opposite fluid with accelerated speed. For the single mode
disturbance considered here, this acceleration is decreasing to zero due to a balance
which is established between buoyancy and form drag forces, leading to a constant
terminal velocity. (In numerical simulations, this velocity can be oscillatory, due to
overshooting, in which case we take the mean value as the terminal velocity.) Our
investigation of bubble velocities is carried out to this terminal velocity region.

In this study, we choose r�, r�, such that r� � r� � ���, and z� � �, z� � 	.
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The interface perturbation is given by

z � ���� ����� cos

�
�r � r���

r� � r�

�
�

Thus the wave length � � �. Gravity is given by �g � �e� � g � ���
� We assume
the fluid is a polytropic gas with gamma � � ��
� The sound speed c is given by

c �
q

�p
�

and the compressibility M � is defined by

M� �
g�

c�h
�

with ch the sound speed in the heavy fluid. The Atwood number A is

A �
�h � �l
�h � �l

�

where �l ��h� is the light (heavy) fluid density.
In Figure 1, we show the evolution of the contact fluid interface at times t �

�� 	� �� �. The grid and physical parameters are: r� � �����, r � �	
�� (r� �
���r), A � �		, M� � ���
. At t � �, we observe vortex formation and roll
up of the interface due to shear layers (for which the tangential component of the
velocity is discontinuous), which are unstable according to the Kelvin-Helmholtz
instability.

We conducted a numerical experiment for different values of r�	r. Although
r� can be arbitrarily small, our experience shows r� � ���r gives satisfactory
results. The bubble velocity for r� � ���r, ���r, 	r, �r, ��r, �
r,�
with fixed r � �	
�� is plotted in Figure 2. From Figure 2, we observe that
the terminal velocity converges as r� � �. Therefore we can regard the terminal
velocity for r� � ���r, r � �	
�� as the terminal velocity for the full 3D
bubble.

The problem of a single axially symmetric bubble rising in a cylindrical tube
of constant cross section was first considered by Davies and Taylor [2]. In particu-
lar they studied air bubbles rising through nitrobenzene or water. They conducted
laboratory experiments and gave values of VB	

p
gR from 0.466 to 0.490. Here

VB is the bubble terminal velocity, R is the radius of the tube and g is the accel-
eration of the gravity. Later Layzer [6] analyzed the unsteady problem and gave
approximate solution, which interpolate the flow between the initial state of the
Rayleigh-Taylor instability and steady state motion of a rising bubble in a perfect
incompressible fluid. He found that the steady state speed for the vertex of the
bubble is

VB � �����
p
gR� (8)

Though Layzer’s model is limited to irrotational incompressible fluid andA � �, it
has been shown over the years to serve as a useful guide for gaining understanding
and estimates of the instability evolution in two and three dimensions, even in
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Figure 1: Front evolution at times t = 0, 3, 6, 9 for a Rayleigh-Taylor simulation
for an axi-symmetric flow with light fluid on the top of heavy fluid and gravity
pointing upward. The computational domain is ������� ������ � ��� 	�, grid size
r � z � �	
��, A � �		, M� � ���
.
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Figure 2: The convergence of the bubble velocity of RT instability for different r�.
The computational domain is �r�� r� � ����� ��� 	�, and A � �		, M � � ���
.
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cases that are of a more complicated nature than those assumed in the model. It is
customary to extend formula (8) to A 
 � through the definition

CA � VB	
p
AgR� (9)

and to assume thatCA is approximately independent ofA. From Figure 2, V num
B��D �

����� for our case R � �	�, A � �		, g � ���
. We have the coefficient in (9)
Cnum
�D � ���	. The difference between our simulation and Layzer’s model is

within ��.

4 Spherical Richtmyer-Meshkov instability

In this section we simulate the Richtmyer-Meshkov instability for three dimen-
sional axi-symmetric flow in spherical geometry. The general features of an RM
unstable interface in spherical geometry are the following. As a spherical incident
shock travels in the radial direction and collides with the perturbed material inter-
face, it bifurcates into a transmitted shock and reflected wave. This stage is known
as the wave bifurcation stage or a shock-contact interaction stage. At the end of
the bifurcation stage, both the transmitted shock and reflected wave detach from
the material interface. One wave propagates toward the origin, and the other wave
propagates away from the origin. For an open geometry, this outgoing wave will
not interact with the material interface again. Accelerated by the incident shock,
the material interface becomes unstable and fingers grow to form bubbles of light
fluid and spikes of heavy fluid. The wave which moves toward the origin generates
a pressure singularity at the origin, and is then reflected outward. As this reflected
wave propagates outward, it interacts with the material interface again, a process
known as reshock. Wave bifurcation occurs again, and this cycle continues. There-
fore the material interface is reshocked many times, though each time the shock
strength is weaker. Our experiment will be carried out for the shock imploding
case, in which the initial shock moves into the material interface toward the origin.

The �r� z� computational domain is �r�� r�� � �z�� z��, with z� � �z� � �.
We choose r� � �r for a grid size r. The origin is denoted by P� � �r�� ��.
Let � denote the distance from any point in the computational domain to P�. The
contact surface is located at the perturbed circle � � �� � a� cos�m�� with a� the
initial amplitude,m the frequency, and � the azimuthal angle from the r-axis to the
ray joining P� to the point at the contact. In our experiment, the inner fluid is SF�

and the outer fluid is air. We place the incident shock wave in the air at the circle
� � �� � ��, and moving toward to the origin. Due to the rotational symmetry
about the z-axis, we are considering a spherical imploding problem. The initial
configuration of the system contains three regions: the region behind the incident
shock, the region between the incident shock and the perturbed fluid interface, and
the region enclosed within the perturbed interface. The states ahead of the shock
are initialized by the prescription of the densities inside and outside of the contact
surface, the pressure and the velocities of two fluids. The state behind the shock
is determined by a prescription of the pressure behind the shock front or the Mach
number or the speed of the shock. Reflecting boundary condition is used at the
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Figure 3: Interface extrema data for a spherical Richtmyer-Meshkov simulation
for a 3D axi-symmetric flow with a shock of Mach number 1.2 imploding from
air to SF� with an interface perturbed initially by 6 periods of sinusoidal waves.
Phase inversion takes place between t � �� and t � ��. Left: growth rate. Right:
amplitude.

Figure 4: A �r� z� cross-sectional view of the growth of instabilities in a spherical
Richtmyer-Meshkov simulation for a 3D axi-symmetric flow with a SF� spherical
ball surrounded by air. In each pair, the left frame represents density and the right
pressure. In the left pair, at t � �, the spherical shock is moving radially toward
origin and just about to hit the sinusoidal perturbed SF�-air interface. In the right
pair, at t � 	, both the inward transmitted shock and outward reflected wave are
leaving the neighborhood of the interface and the perturbation has grown at an
increased speed. The initial amplitude to wave length ratio a�	� is 0.06. The
shock Mach number M is 1.2. The Atwood number A is 2/3. The number of
periods of sinusoidal wave perturbation is m � �.
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Figure 5: In the left pair, at t � ��, the reflected shock is starting to hit the interface
for the second time, an event called reshock. In the right pair, at t � ��, phase
inversion is taking place since the shock is transmitting the interface from a heavy
fluid to a light one.

Figure 6: In the left pair, at t � ��, the inversion has just completed and the growth
rate has jumped from negative to positive. A very complicated wave structure is
displayed in the pressure picture which shows that reshock is much more dynamic
than the first shock. In the right pair, at t � ����, the vortex rolling of the interface
is observed.

8



left side, i.e. r � r� axis. Flow-through boundary conditions are applied at top,
bottom and right boundaries of the domain so that outbound waves will exit the
domain. The physical parameters for our simulations are: the Atwood number
A � �		, the initial amplitude to wave length ratio a�	� � ����, the frequency
m � � and the shock Mach number M � ���.

Because SF� has greater density, spikes are outward pointing fingers of heavy
(SF�) fluid and bubbles are inward pointing fingers of air. The main quantities of
interests are the amplitude a and the growth rate v which are defined as:

a �
�

�
��sp � �bb��

v �
�

�
�vsp � vbb��

where �sp and �bb are the distances from the origin P� to the tips of the spike and
the bubble respectively, while vsp and vbb are the spike and bubble tip velocities in
the radial direction. We ran the simulation up to T � ��. The evolution of the front
is shown in Fig. 4-6. The growth rate and amplitude are plotted in Fig. 3. From this
figure we first note that at the initial time the amplitude is reduced and the growth
rate becomes negative. This is because the interface is compressed by the higher
pressure behind the shock as the shock moves into the interface. After the shock
is transmitted through the interface, we see that the growth rate has accelerated
sharply.

From the front evolution plot (Fig. 5), we see that the shock hits the interface
for a second time at t � ��, an event which is called reshock. From the growth
rate plot (Fig. 3), we see the growth rate has a sharp drop at t � �� due to phase
inversion. When the incident shock implodes from light fluid to heavy as in the
first passage of the shock, there is no phase inversion, whereas the phase inversion
does occur when shock explodes from heavy to light at the time of reshock. At
t � ��, we see the bubble has been flipped in phase and started to move outward.
In Fig. 3, there is a discontinuous jump in growth rate at t � �� when the phase
inversion is just completed and the original bubbles become the new spikes and
the original spikes become the new bubbles. The phase inversion is also clearly
demonstrated in the front picture (Fig. 6). From Fig. 6, we observe the formation
of full bubbles and spikes at t � ����. We also observe asymmetrical spikes near
the north and south poles. This asymmetry of spikes is caused by the symmetry
breaking presence of the radial source term in (4)-(7) and has been shown a phys-
ical property which is unique to axi-symmtric flow [3].

5 Conclusions

We have presented RT and RM simulations in cylindrical and spherical geometries
for rotationally symmetric flows by the front tracking method. The cylindrical co-
ordinates �r� z� system used here has been shown suitable and effective in various
axisymmetric fluid instability simulations. The cylindrical grid lines fit the rota-
tional geometry better and significantly reduce the computing time by reducing
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the three dimensional conservation law equations to two dimensional ones which
exploit the rational symmetry of the fluid.
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