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Abstract

Front tracking has proved to be an accurate and efficient algorithm in the sense that tracking the interface can reduce
the error significantly[9,10]. By applying this algorithm, we conduct numerical simulations of Richtmyer–Meshkov
(RM) instabilities in spherical geometry for axisymmetric flow. We demonstrate scaling invariance with respect to
shock Mach number for fluid mixing statistics, such as growth rate and volume fraction. Here the mixing is related to
bulk transport rather than molecular mixing. Our results are validated by convergence under both mesh refinement
and statistical ensemble averaging. We also show that the spherical geometry will converge to planar geometry
when the number of modes of interface perturbation goes to infinity.
© 2004 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The instability of a material interface under an acceleration by an incident shock was predicted theoret-
ically by Richtmyer in 1960[33]. Ten years later, Meshkov[31] confirmed, experimentally, Richtmyer’s
prediction. Since then, this interfacial instability has been referred to the Richtmyer–Meshkov (RM) insta-
bility. Such instabilities are observed in supernovae explosions[27] and inertial confinement fusion (ICF)
[6], and are thus of great importance to science and technology. Extensive theoretical and experimental
studies of the RM instability have been carried out in the last three decades. With the advent of computer
technology and increasing computing power, numerical studies of the RM instability have become very
common.
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Past research in experimental, analytical and numerical validation of the Richtmyer–Meshkov instability
has primarily been carried out in planar geometry[1,2,5,6,24,26,32,35,36,39]. However, recently some
advances have been made in curvilinear geometry[7,16,17,19,30,34,37,38]. In this paper, we present a
numerical study of a three-dimensional axisymmetric RM instability in spherical geometry. The general
features of an RM unstable interface in spherical geometry are the following. As a spherical incident
shock travels in the radial direction and collides with the perturbed material interface, it bifurcates into a
transmitted shock and reflected wave. This stage is known as the shock refraction stage. At the end of the
refraction stage, both the transmitted shock and reflected wave detach from the material interface. One
wave propagates toward the origin, and the other wave away. For an open geometry, this outgoing wave
will not interact with the material interface again. Accelerated by the incident shock, the material interface
becomes unstable and fingers grow to form bubbles of light fluid and spikes of heavy fluid. The wave
which moves toward the origin generates a pressure singularity at the origin, and is then reflected outward.
As this reflected wave propagates outward, it interacts with the material interface again, a process known
as reshock. Shock refraction occurs again, and this cycle continues. Therefore, the material interface is
reshocked many times, though each time the shock strength is weaker.

The numerical method we use for computing axisymmetric flow in the paper is a front tracking method.
Front tracking is an adaptive computational method in which a lower dimensional moving grid is fit to
and follows distinguished waves in a flow. Tracked waves explicitly include jumps in the flow state
across the waves and keep discontinuities sharp. A key feature is the avoidance of finite differencing
across discontinuity fronts and thus the elimination of interfacial numerical diffusion including mass and
vorticity diffusion. In addition, nonlinear instability and post-shock oscillations are reduced at the tracked
fronts. Front tracking as implemented in the codeFronTier includes the ability to handle multidimensional
wave interactions in both two[15,20,25]and three[13,14]space dimensions and is based on a composite
algorithm that combines shock capturing on a spatial grid with a specialized treatment of the flow near
the tracked fronts.FronTier is implemented for distributed memory parallel computers and some of the
fundamental algorithms used in this code are described in[4,12,18,21–23].

In this paper, we study the main physical parameter (shock strength) in RM system. We demonstrate
an important scaling law by applying the front tracking algorithm. This scaling law extends the one
obtained by Zhang and Graham[38] for single mode RM system in cylindrical geometry to multimode
system in spherical geometry. We also give a brief summary of main results regarding the efficiency
of the front tracking algorithm[9,10]. Finally, we show the spherical RM system will converge to
planar system when the number of modes in the initial perturbation of interface becomes sufficiently
large.

2. Numerical method and simulation set up

Front tracking is a numerical method in which selected waves are explicitly represented in the discrete
form of the solution. Examples include shock waves, contact discontinuities, and material interfaces. Other
waves which may be tracked, such as leading and trailing edges of rarefaction waves, have continuous
states but jumps in their first derivatives. Tracked waves are propagated using the appropriate equations
of motion for the given model. For example, if the system of equations consists of a set of hyperbolic
conservation laws,ut + ∇ · f = h, then the instantaneous velocitys of a discontinuity surface satisfies
the Rankine–Hugoniot equations,s[u] = [f ] · n. Here,n is the unit normal to the discontinuity surface.
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Fig. 1. Density plots for a spherical simulation with an unperturbed interface. The left image shows a shocked contact in the
tracked case. The right image shows the untracked case at the corresponding time. The grid size is 200× 200.

During a time step propagation, the type of a wave, and the flow field in a neighborhood of the wave
determine a local time integrated velocity for each point on the wave in the direction normal to the wave
front. Wave propagation consists of moving each point a distances�t in the normal direction as well as
computing the time updated states at the new position. Tracking preserves the mathematical structure of
the discontinuous waves by maintaining the discrete jump at the wave front, thus eliminating numerical
diffusion. It also allows for the direct inclusion of the appropriate flow equations for the wave front in the
numerical solution. For a detailed description of the front tracking algorithm, we refer to Glimm, Grove
and Zhang[18]. The validation in spherical geometry was carried out by comparison with experiment,
see Drake et al.[8] where supernova experiments and simulations were reported. For other validations in
planar geometry, we refer to[11,29,28].

Front tracking is a fast algorithm in the sense that it can reduces the level of mesh refinement needed
to achieve a specified error tolerance by a significant factor compared to corresponding methods without
tracking, thus substantially reducing the computational time as well as memory usage for simulations
with contacts or material interfaces. In[9,10], we reported a detailed quantitative comparison of errors in
spherical shock refraction simulations by tracked and untracked methods by solving the 2D axisymmetric
Euler system. The comparison study was carried out for an unperturbed interface since this case admits
an easily understood exact solution which can be obtained by solving a 1D system of spherical Euler
equations on a very fine mesh. A major conclusion is that the error in any shock capturing finite difference
scheme is mainly caused by numerical diffusion across the contact. The density plots for the spherical
simulations with and without tracking are shown inFig. 1, where we see the untracked interface was
highly smeared by numerical diffusion. The main results in[9,10] can be summarized as follows. The
error in the neighborhood of the untracked contact is the main contribution to the total error. Tracking
the contact can effectively reduce both the contact error and the total error by a significant factor. For a
given error tolerance, the mesh size needed to achieve a fixed error tolerance can be reduced by as much
as a factor of eight per spatial dimension. A factor of 84 = 4096 fewer space time zones for a three space
dimensional computation are then required for comparable accuracy.

We apply the front tracking algorithm to simulate the RM problem where a randomly perturbed ax-
isymmetric heavy fluid sphere is surrounded by light fluid and a spherical shock inside the heavy fluid is
moving outward. The numerical simulations are carried out in a quarter domain of [0, r1] × [0, z1], with
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r1 = z1 > 0. LetR denote the distance from any point in the domain to the origin. The initial contact
surface is located at the perturbed circle

R(φ) = R0 +
nmax∑

n=nmin

An cos(4nφ),

where the azimuthal angleφ ∈ [0, π/2], and nmin = 4, nmax = 8 are the minimum and maxi-
mum frequencies respectively. The Fourier mode amplitudesAn are generated by Gaussian sampling. The
amplitude standard deviation is about 0.02λ, where λ is the average wavelength of the
perturbation.

The initial configuration of the system contains three regions: the region behind the incident shock, the
region between the incident shock and the fluid interface, and the region outside the interface. The states
ahead of the shock are initialized by the prescription of the densities inside and outside of the contact
surface, and the pressure and the velocities of two fluids. The state behind the shock is determined by
prescribing Mach number of the shock. The top and the right boundaries of the computational domain have
flow-through boundary conditions, so that all outbound waves will exit the domain. Reflecting boundary
conditions are used at the left and the bottom boundaries due to the symmetry. At the left boundary, we
also impose the zero radial velocity due to the axisymmetry of the flow. The density ratio across the fluids
is 13.7:1. An incident shock with Mach numbersM = 10,20,50,100,200 or 300 located in the heavy
fluid moves towards the contact interface.

The above simulations, as well as those discussed in other sections, are based on numerical solutions
to the Euler equations that describe the conservation of mass, momentum, and energy for a compressible
fluid:

ρt + ∇ · (ρv) + α
ρu

r
= 0,

(ρv)t + ∇ · (ρv ⊗ v) + ∇P + α
ρuv

r
= ρg,

(ρE)t + ∇ · ρv

(
E + P

ρ

)
+ α

ρu(E + P/ρ)

r
= ρv · g,

whereρ is the mass density,v the fluid velocity,P the thermodynamic pressure,E = e + (1/2)v · v

the specific total energy, ande the specific internal energy. The variablesρ, P , ande are related by
a thermodynamic equation of stateP = P(ρ, e). For simplicity we assume a perfect gas equation of
stateP = (γ − 1)ρe, with γ > 1. The simulations reported in this paper use the valueγ = 5/3.
The body force per unit mass,g, is taken as zero for the present discussion. The geometry param-
eter α has the value zero for rectangular geometries. For axisymmetric flowα = 1, while α = 2
for one dimensional spherical symmetry. For spherical symmetry,u is the radial component of ve-
locity and r is the distance from a point to the origin. For axi-symmetry,u is the radial component
of the projection of the fluid velocity into thex–y plane andr is the distance of a point from the
z-axis.

3. Scaling law

The scaling law with respect to shock strength was first observed by Zhang and Graham[38] in their
study of RM instabilities in single mode cylindrical geometry. Their calculation solved Euler equations
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in rectangular coordinates. Here, we extend such a scaling law to multimode spherical geometry. Our
computation is based on solving an axisymmetric Euler system in(r, z) cylindrical coordinates.

How will the shock strength affect the RM instability? In general, the stronger the incident shock is,
the faster the material interface and the faster the transmitted shock. Following Zhang and Graham[38],
we study a scaling law with respect to shock Mach number. In order to reveal the scaling behavior of an
RM unstable system, we introduce the following dimensionless scaled version of the quantities: timet,
growth ratev, amplitudea, and interface radiusR, as follows:

tscaled= Mc0t

λ0
,

ascaled= a

λ0
,

vscaled= v

Mc0
,

Rscaled= R

λ0
.

Here,λ0 is the average wave length of perturbation in the initial material interface att = 0, M is the
Mach number of the incident shock, andc0 is the sound speed of fluid ahead of shock att = 0. The main
parameters in studying RM instability are amplitudea and growth ratev which are defined as

a = 0.5(Rsp − Rbb), v = 0.5(vsp − vbb),

whereRsp andRbb are the distances from the origin to the tips of the spike and the bubble, respectively;
vsp andvbb are the velocities of the spike and the bubble, respectively in the radial direction.

Fig. 2shows front plots at the sametscaledfor six different shock Mach numbersM = 10,20,50,100,
200,300. We see the front shape is almost unchanged for different shock strength. We notice that the
perturbation near the axis of symmetry is more amplified than others. This asymmetry is due to a north
pole effect of axisymmetric flow[19]. The results for growth rate and amplitude of the RM interface
driven by a shock of Mach numberM = 10,20,50,100,200,300 are superimposed inFig. 3and shown
in terms of the scaled velocity and perturbation amplitude as a function of the scaled time.Fig. 3shows
that the scaled quantities are almost independent of the shock strength.

Another important quantity characterizing the mixing process is the mean concentrationβk(t, 
x) of fluid
k at spatial position
x andt. In inertial confinement fusion, this function contains all of the information
concerning the expected penetration of the instability. In astrophysics,βk is a first order moment of the
material interface geometry, an important ingredient for the statistical description of remnant formation.

Now we define an averaging procedure. We introduce the polar–coordinate system(R, φ) in the r, z
plane byr = R cosφ, z = R sinφ, whereR = √

r2 + z2, andφ is the azimuthal angle. We express flow
field quantities in terms of these variables. The azimuthal average of a flow quantityq is defined by

〈q〉(R, t) = 2

π

∫ π/2

0
q(R, φ, t)dφ. (1)

The functionXk is the phase indicator for materialk (k = 1,2), i.e.Xk(R, φ, t) equals one if(R, φ) in
fluid k at timet, zero otherwise. The azimuthal average ofXk is the mean fluidk concentration or volume
(layer, mixture) fraction,βk(R, t) ≡ 〈Xk〉.
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Fig. 2. Cross-sectional front-plots of the instability when the spherical interface is pushed outwards by a shock from the heavy
fluid. The color represents the variation in density. The interface is initially perturbed randomly with a minimum frequency 4
and a maximum frequency 8. The three images of the top row show the interface when hit by a shock of Mach numbers 10, 20
and 50, respectively. The second row shows the interface for Mach numbers 100, 200 and 300. All plots are taken at the same
scaled time.

Fig. 3. The left image shows the scaled perturbation growth rate for various Mach numbersM = 10, 20, 50, 100, 200 and 300.
The minimum frequency of the perturbed contact is 4 while the maximum frequency is 8. The right image shows the scaled
perturbation amplitude for various Mach numbersM = 10, 20, 50, 100, 200 and 300. For each Mach number, simulations are
averaged over 20 realizations.

Fig. 4 shows the volume fractionsβk for the light and heavy fluids as functions of the scaled ra-
dius Rscaled for a fixed scaled time. Again we see there is little change for different Mach numbers.
From Figs. 3 and 4, we notice that only the caseM = 10 shows a slight difference from the other
cases, where the statistics are almost identical. So, the loss of scaling seems to occur for smaller
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Fig. 4. The figure shows the volume fraction of the heavy (left image) and light (right image) fluid obtained by doing simulations
using shock of Mach numbersM = 10, 20, 50, 100, 200 and 300. For each Mach number, simulations are averaged over 20
realizations.

Mach numbers and the scaling law holds extremely well for strong shocks with Mach numbers
M ≥ 20.

All the above simulations were done using Fourier polynomial perturbed interfaces. Simulations were
also carried out to check the validity of the scaling law for Legendre polynomial perturbed interfaces.
All the statistical quantities are scaled in the same way as was done in the case of Fourier polynomial
perturbed interfaces. The simulation set-up is the same as the one in the Fourier case except for the
interface perturbation.Fig. 5 shows the front plots of a Legendre polynomial perturbed interface when
driven outwards by a shock of Mach number 10, 20, 50, 100, 200 and 300. The minimum degree of the
polynomial is 32 and the maximum degree is 64. Again we notice that the evolved interfaces look similar
and thus are independent of the incident shock strength.Fig. 6shows that both growth rate and amplitude
become insensitive to the shock strength when the Mach numberM ≥ 20 as we observed earlier in the
Fourier simulations.

Thus from all these observations, we conclude that the growth of an axisymmetric spherical RM unstable
interface follows a scaling law. Letvm1 be the growth rate of an interface driven by a strong shock of
Mach numberm1. Then the growth rate of an interface driven by a strong shock of Mach numberm2 can
be obtained from the following equation:

vm2(t) = m2

m1
vm1

(
m2

m1
t

)
(2)

Similarly, the amplitude of the unstable interface follows the scaling law

am2(t) = am1

(
m2

m1
t

)
(3)

wheream2 is the amplitude of the interface hit by a strong shock of Mach numberm2 and,am1 is the
amplitude of the interface hit by a strong shock of Mach numberm1. FromFigs. 2 and 4, the following
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Fig. 5. Cross-sectional front-plots of the instability when the spherical interface is pushed outwards by a shock from the heavy
fluid. The color represents the variation in density. The interface is initially perturbed randomly with a Legendre polynomial
which has a minimum degree of 32 and a maximum degree of 64. The three images of the top row show the interface when hit
by a shock of Mach numbers 10, 20 and 50, respectively. The second row shows the interface for Mach numbers 100, 200 and
300. All plots are taken at the same scaled time.

Fig. 6. Statistics for a Legendre perturbed interface with a minimum polynomial degree of 32 and a maximum degree of 64. The
left image shows the scaled perturbation growth rate for various Mach numbersM = 10, 20, 50, 100, 200 and 300. The right
image shows the scaled perturbation amplitude for various Mach numbersM = 10, 20, 50, 100, 200 and 300. For each Mach
number, simulations are averaged over 20 realizations.

scaling law holds for the volume fraction:

βm2(Rm2(t), t) = βm1

(
Rm1

(
m2

m1
t

)
,
m2

m1
t

)
,
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Fig. 7. Convergence of numerical simulation under mesh refinement. The left image shows the growth rate of a Fourier polynomial
perturbed interface, when driven radially outward by a shock of Mach number 100, located in a heavy fluid. The interface has
a minimum frequency 4 and a maximum frequency 8. Amplitude for each mode is randomly generated. The right image shows
the corresponding amplitudes.

whereβm2 is the volume fraction of either the light or the heavy fluid when the interface is hit by a strong
shock of Mach numberm2, βm1 is the volume fraction of either the light or the heavy fluid hit by a strong
shock ofm1, andRm1 andRm2 stand for radius.

The above scaling laws are important because we can now do numerical simulations or laboratory
experiments using only one strong shock. And, by studying the results of that one experiment or simulation,
we can generalize the result for all other strong shock cases. However, we should mention that all
calculations are performed with perfect gases at Mach numbers up to 300. In practice, the range of
applicability of scaling laws could be limited for real gases.

Fig. 7shows the results of a convergence test of the numerical simulations under mesh refinement. We
observe that there is a good convergence for grid sizes�r = 1/200 and�r = 1/400 for the growth rate
and amplitude. In the scaling law simulations, we used a mesh size of 200×200 and the statistical quantities
were averaged over 20 realizations with different initial perturbation generated by random sampling.

4. Convergence to planar geometry

In this section, we study the convergence of spherical geometry to planar geometry as the number
of modes of the initial perturbation approaches infinity. There are three geometric parameters in the
configuration of the initial perturbed interface: the average wave lengthλ0, the initial interface radiusR0,
the average amplitudea0. If we treat the wave lengthλ0 as the length scale, then we define

R̃0 = R0

λ0
, ã0 = a0

λ0

to be the dimensionless initial radius and the dimensionless amplitude. Letn0 be the number of modes
of the initial perturbation in the firstr, z quadrant as simulated. Then we have



426 S. Dutta et al. / Mathematics and Computers in Simulation 65 (2004) 417–430

λ0 = πR0

2n0
,

which gives

R̃0 = 2

π
n0.

Therefore, we can interpret the number of modes as the dimensionless initial radius of the contact interface.
The spherical simulation was performed in a quarter domain of [0, r1] × [0, z1], with r1 = z1 > 0. The

initial contact surface is located at the perturbed circle

R(φ) = R0 +
nmax∑

n=nmin

An cos(4nφ),

Fig. 8. The left two images show the evolution a randomly perturbed interface under the RM instability with the minimum
frequency 4 and the maximum frequency 8. The right two images show the evolution of the random interface when the minimum
frequency is 16 and the maximum frequency is 32. The shock is located in a heavy fluid and moves toward a light fluid. The top
images show the cross-sectional density plots of spherical simulation, while the bottom images show the density plots of planar
simulation. The grid size is 800× 800. The color represents the variation in density. All images are taken at the same scaled
time.
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Fig. 9. Convergence of spherical growth rate to planar growth rate. The left image shows the growth rate of a randomly perturbed
spherical and planar interface when the minimum frequency is 4 and the maximum frequency is 8. The right image shows the
growth rate when the interface has a minimum frequency 16 and maximum frequency 32. The ensemble size is 10.

where the azimuthal angle is 0≤ φ ≤ π/2, andnmin andnmax are the minimum and the maximum
frequencies respectively. The Fourier mode amplitudesAn are generated by Gaussian sampling. The
inner heavy fluid is surrounded by light fluid. The shock is initially located in the heavy fluid and moving
radially outward. The boundary conditions are the same as the ones inSection 3. In the planar simulation,
we place light fluid on the top of the heavy fluid in which the shock wave is moving upward. A reflecting
wall is placed on the bottom of the domain. At the top boundary, there is a flow through boundary
condition. The two sides have periodic boundary conditions. The dimensionless amplitude and frequency
are same in both spherical and planar runs. Here we choose to keep the perturbation wave length same in
all simulations so we need to adjust the initial interface radius accordingly when we increase the frequency
of perturbation. In planar runs, we choose the width of the domain to be the length of the corresponding
circular interface and the height of the interface to be the radius of the sphere. The physical parameters
for both runs are the density ratio across the fluids is 13.7:1 and the shock Mach numberM = 10.Fig. 8
presents the comparison of the density plots for the evolution of a spherical and a planar interface.

Fig. 9 shows the spherical growth rate, along with the planar growth rate, of a randomly perturbed
interface, where the perturbation hasnmin = 4, andnmax = 8. The image also shows the growth rate
whennmin = 16, andnmax = 32. All the statistical quantities are averaged over 10 realizations and the
ratio between the average amplitude and the average wavelength is kept constant with varyingnmin and
nmax. The growth rate and time are scaled as inSection 3. FromFig. 9, we observe the convergence of
spherical growth rate to planar growth rate is obtained whennmin = 16 andnmax = 32.

5. Conclusions

We have reported a spherical shock refraction simulation by the front tracking method. We have also
presented a brief summary of the efficiency of this algorithm.
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By applying this algorithm, we have analyzed two important dimensionless parameters (shock strength
and frequency of perturbation) in a spherical RM system for axisymmetric flow. We find scaling invariant
with respect to shock strength for fluid mixing statistics. The effectiveness of scaling is better for stronger
shock strength. We also show that the convergence of spherical geometry to the planar one when the
frequency of perturbation in initial interface goes to infinity. This frequency (or number of modes) is
proportional to the dimensionless radius of initial spherical interface. The significance of this result is
that high mode number instabilities can be studied in a planar geometry if low mode number spherical
perturbations are missing or can be neglected[3].

Ablation front instabilities are also of interest, and amenable to the methods used here. The only
modification required in this case is the flow of mass across the interface. Also related are sharp flame
combustion models, which we are currently developing for application to study of Type Ia supernova.
The sharp flame models are characterized by externally given (laminar) flame speed and heat release. The
simulations will be reported in future papers.
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