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ABSTRACT

If one wants to minimize a nonlinear functional it is often fruitful to consider

the relationships which must hold at a minimum� If the functional is di�erentiable

and the permitted variations at the minimum constitute a linear space this process

gives equations that the minimum must satisfy� and if the functional is quadratic

these equations are linear� However� if the set of permitted variations is constrained

�for example to nonnegative functions� or the functional is nondi�erentiable� then one

may �nd inequalities instead of equations�

We are interested in numerically approximating solutions of two types of

variational inequalities� The �rst one is variational inequalities with constrained

admissible set� frequently called obstacle problems� The second type is variational

inequalities with a non�di�erentiable term� An important example of this type is rigid

visco�plastic Bingham �uid�

L��error estimates for numerical solutions of obstacle problems have been in�

vestigated by C� Baiocchi and J� Nitsche� Though Nitsche�s estimate is optimal�O�h�jlnhj���
the discrete solution he de�ned is not in general computable because the obstacle it�

self is not discretized� A new monotonicity principle for a discrete obstacle problems

is applied to obtain an optimal L��error estimate for an approximation in which the

obstacle is only respected at the vertices of the triangulation� This result both uses

and improves the Nitsche�s estimate�

Numerical computation of Bingham �uid �ow has been studied by M� Fortin

and R� Glowinski� but error estimates are not yet available for their methods� A new

numerical method for approximate solution of time�dependent �ow of Bingham �uid

in cylindrical pipes which uses regularization of nondi�erentiable term is studied�

Error estimates are described for the case in which the discretization is done using

piecewise linear �nite elements in space and backward di�erencing in time�

vi
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CHAPTER �

A MONOTONICITY PRINCIPLE AND L
��ERROR

BOUND FOR A DISCRETE OBSTACLE PROBLEM

��� Introduction

L��error estimates for numerical solutions of obstacle problems have been in�

vestigated by Baiocchi ��� and Nitsche ��
�� Though Nitsche�s estimate is optimal�O�h�jlnhj���
the discrete solution he de�ned is not in general computable because the obstacle itself

is not discretized� Here we give an optimal L��error estimate for an approximation

in which the obstacle is only respected at the vertices of the triangulation� The proof

uses Nitsche�s result and a monotonicity property of the discrete problem�

The problem we want to approximate can be described in several di�erent

ways� the formulation in terms of a variational inequality convenient here� Let � � R�

be a bounded domain with boundary �� De�ne a�v� w� to be the Dirichlet form�

a�v� w� �
Z
�
rv � rwdx� v� w � H�

� ����

The obstacle is a continuous function � 	 
� � R with �j� � �� Set K � fv �
H�

� ��� 	 v � � in �g� The obstacle problem is� given f � L����� �nd u � K such

that

a�u� v � u� � �f� v � u� for all v � K� �����

where ��� �� is the L� inner product� The basic properties of the solution� including

existence and uniqueness� were established by Lions and Stampacchia ����� A col�

lection of physical applications of this problem and related numerical methods were

discussed in a book by Glowinski ��
��
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��� Discrete Monotonicity Principle

Suppose henceforth that the boundary of �� �� is polygonal� For a triangu�

lation T of �� let h � h�T � be the max of the lengths of the edges� We say that a

triangulation satis�es the maximum angle condition if no triangle in it has an angle

that exceeds ���� We say that a family of triangulations satisfy the maximum angle

condition if each member does�

Given a triangulation Th� let �Vh � �Vh�Th� denote the space of continuous

piecewise linear functions over Th� Take Vh � �Vh � H�
� ���� For v � C��
�� let

�h�v� � �Vh be the nodal interpolant of v� v � �h�v� at each vertex� Let �h � �h���

de�ne the discrete obstacle� and take Kh � fvh � Vh 	 vh � �hg� The discrete

approximation of u is given by uh � Kh� such that

a�uh� vh � uh� � �f� vh � uh� for all vh � Kh� �����

Note that the set Kh of admissible functions is de�ned by a �nite set of inequalities�

First we introduce some notation� We denote sup�vh� wh� � Vh the least

upper bound and inf�vh� wh� � Vh the greatest lower bound for any vh� wh � Vh� these

are just the node�wise max and min of the two functions� Further if we introduce the

notation v�h � sup�vh� ��� then we have identities sup�vh� wh� � vh � �wh � vh�
�� and

inf�vh� wh� � wh� �wh � vh�
�� Now we can prove a useful theorem� The idea of the

proof is motivated by Brezis and Stampacchia ���� Haugazeau �����

Theorem ��� Suppose the triangulation Th satis�es the maximal angle condition�

Suppose that K�� K� are two convex subsets of Vh � Vh�Th� and that u� � K��

u� � K� solve the following variational inequalities�

a�u�� vh � u�� � �f� vh � u�� for all vh � K�� �����

a�u�� vh � u�� � �f� vh � u�� for all vh � K�� �����

Suppose also that K�� K� satisfy the following monotonicity property� For all v� � K��

v� � K�� inf�v�� v�� � K�� sup�v�� v�� � K�� Then

u� � u��



�

Proof� With vh � sup�u�� u�� � u� � �u� � u��
� � K� in ������ we have

a�u�� �u� � u��
�� � �f� �u� � u��

��� �����

Taking vh � inf�u�� u�� � u� � �u� � u��
� � K� in ����� gives

a�u����u� � u��
�� � ��f� �u� � u��

��� ���
�

By addition of ����� and ���
�� we have

a�u� � u�� �u� � u��
�� � �� �����

To complete the proof we will show that �u� � u��
� � �� With obvious notation�

a�u� � u�� �u� � u��
�� � 
��Th

Z
�
r�u� � u�� � r�u� � u��

�dx

� 
��ThE� �

Let A� B� C be the vertices of the triangle � � and denote the corresponding nodal

basis functions by �A� �B� �C � Then �u� � u��j� � vA�A � vB�B � vC�C � where

vA � u��A�� u��A�� etc� We consider four di�erent cases�

Case �� vA � �� vB � �� vC � �� Here �u� � u��
�j� � �� which implies E� � ��

Case �� vA � �� vB � �� vC � �� Clearly E� � ��

Case �� vA � vB � � � vC � This gives �u� � u��
�j� � vC�C � So we have

r�u� � u�� � r�u� � u��
�j� � vAvCr�A � r�C � vBvCr�B � r�C � v�C jr�C j��

Since the angles of � are at most �
�
� we have r�A � r�C � � and r�B � r�C � ��

Therefore

r�u� � u�� � r�u� � u��
�j� � ��

Hence� E� � ��

Case �� vA � � � vB � vC � In this case �u� � u��
�j� � vB�B � vC�C � Using the

identity r�A �r�B �r�C � �� we see that

r�u� � u��j� � �vA � vB�r�A � �vC � vB�r�C �
r�u� � u��

�j� � �vBr�A � �vC � vB�r�C �



�

Computing the inner product we get

r�u� � u�� � r�u� � u��
�j� � ��vA � vB�vBjr�Aj� � �vC � vB�

�jr�Cj�

��vA � vB��vC � vB�r�A � r�C � vB�vC � vB�r�A � r�C
� ��

Hence� E� � ��

For each � � Th we can label the vertices such that one of the cases above

holds� Since each E� is nonnegative� it then follows from ����� that

�u� � u��
� � ��

Remark� In general K� � K� does not imply the monotonicity property

used above even if K�� K� are induced by the obstacles ��� ��� respectively� with

�� � ��� This is because sup and inf de�ned here are node�wise� not the usual

continuous sense� However if �� is piecewise linear with �� � ��� then it is easy to

see that �K�� K�� does have the monotonicity property� The sup condition does not

require anything beyond �� � ���

The following theorem is about the L��norm stability of the discrete solution

of ����� for the perturbation of the piecewise linear obstacle function�

Theorem ��� If K� and K� are two convex subsets of Vh which are generated by two

piecewise linear obstacles �� and �� respectively� and u� andu� are the corresponding

solutions of the variational inequalities ����� and ������ respectively� then

ju� � u�j� � j�� ���j�� ���	�

Proof� Let r � j�� � ��j�� Taking vh � u� � �u� � u� � r�� � K� in ������ and

vh � u� � �u� � u� � r�� � K� in ������ by addition� we �nd

a�u� � u�� �u� � u� � r��� � ��

By using the idea in the proof of Theorem ���� we have

�u� � u� � r�� � �



�

which implies u� � u� � r�

We also have u� � u� � r by interchanging u� and u�� Hence ���	��

Remark� If one of ��� �� is not piecewise linear� the above theorem does

not hold in general� Consider the case when � � ��� ��� f � �� �� � � and �� has

a peak near the boundary and equal to zero on the rest of the interval� If we take

h � �
�
� then u� � �� but u� can be enormous�

We now brie�y consider the �ve point �nite di�erence approximation to

the Laplacian� It is well known that this scheme is identical to the �nite element

approximation whose triangulation Th is generated by dividing each rectangle of the

�nite di�erence mesh into two triangles� So the following similar monotonicity result

is an easy corollary of Theorem ����

Suppose m is the number of the interior mesh points� Let Ah be the m	m

matrix generated by the �ve point approximation to ��� Set

Kh � fvh � Rm 	 vh � �hg for some �h � Rm� �����

The discrete obstacle problem is the following� Given fh � Rm� �nd uh � Kh such

that

�Ahuh� vh � uh� � �fh� vh � uh� for all vh � Kh� ����
�

Theorem ��� Suppose Kh
� and Kh

� are two convex sets which are induced by two vec	

tors �h
� and �h

� as de�ned by ���
�� and u
h
� and u

h
� solve the corresponding variational

inequalities like ������� If �h
� � �h

� componentwise� then� in the same sense�

uh� � uh� �

We now want to establish a relationship between the fully discrete and

semidiscrete versions of the obstacle problems� We will use two additional variational

inequalities� A new discrete obstacle ��h by shifting �h� Take

��h � �h � h�j�j���� ������






where j�j��� � maxfk���k�� k���k�� k���k�g and the subscripts here denote par�

tial di�erentiation� We set �Kh � fvh � Vh 	 vh � ��hg and consider the following

problem� Find �uh � �Kh� such that

a��uh� vh � �uh� � �f� vh � �uh� for all vh � �Kh� ������

Note that since � � � on �� �K is not empty for h su�ciently small�

A semi�discrete obstacle problem is de�ned using K� � fvh � Vh 	 vh �
�g � K � Vh� Find u� � K�

h� such that

a�u�h� vh � u�h� � �f� vh � u�h� for all vh � K�
h� ������

Notice that� in general� K�
h 
� Kh� Also� K�

h in generically involves in�nitely many

constraints� it is for this reason we call this is a semi�discrete problem�

To show uh� u
�
h and �uh have a monotone relationship� we need to justify that

both fKh� K
�
hg and fK�

h� �Khg satisfy the monotonicity property stated in Theorem

���� The following three lemmas are tools which are useful in making this justi�cation�

The �rst lemma is elementary�

Lemma ��� Suppose that n is a unit vector and that ��t� � ��P � tn� for some

point P � Then

j���j � �j�j����

Lemma ��� Suppose that � � 	 � h and that � � W ������ 	�� Suppose that 
 is an

a�ne function such that 
��� � ���� � �
�
h�k���k� and 
�	� � ��	�� Then


 � � on ��� 	��

Proof� If the conclusion fails � � 
� � has a negative minimum at t� � ��� 	�� By

Taylor�s theorem

�

�
h�k���k� � ���� � ��t�� �

�

�
t��k���k�

�
�

�
t��k���k� � �

�
h�k���k��



�

Lemma ��� �a� For any vh � Kh and v�h � K�
h� sup�vh� v

�
h� � K�

h and inf�vh� v
�
h� �

Kh�

�b� For any v�h � K�
h and �vh � �Kh� sup�v

�
h� �vh� � �Kh and inf�v�h� �vh� � K�

h�

Proof� Part�a� is clear� We prove part�b��

Since sup�v�h� �vh�� � �vh � ��h� we have sup�v
�
h� �vh� � �Kh�

Now we show inf�v�h� �vh� � K�
h� i�e�� inf�v

�
h� �vh� does not cut through the original

obstacle�� For notational simplicity� let wh � inf�v�h� �vh�� Let A� B� C be the vertices

of the triangle � � Th� Consider �rst the case in which v
�
h�A� � �vh�A�� v

�
h�B� � �vh�B��

v�h�C� � �vh�C�� For any point P on the edge �B�C� take n � �P�A��jP�Aj� De�ne

��t� � ��A� tn�

and


�t� � wh�A� tn��

By Lemma ��� and Lemma ��� 
 � �� Hence in this case wh � �� Next consider

a triangle for which v�h � �vh at more than one vertex� By the �rst case if shift the

value down at one vertex we are still above �� Hence we can replace v�h by the new

function with the shifted value� We can now repeat this process once or twice more

as required�

By part�b� of Lemma ���� one can observe that ��h stays above �� which in

e�ect gives a corollary� a theorem from classical approximation theory�

Corollary ��� If w � W ������� then

jw � �hwj� � h�jwj����

By using Theorem ��� and Lemma ���� we have the following monotonicity theorem

of the solutions of the discrete obstacle problems ������ ������ and �������

Theorem ��� If uh� u
�
h and �uh are the solutions of ���
�� ������ and ����
� respec	

tively� then

uh � u�h � �uh�



	

��� L
��Error Bound

In this section we apply the results of previous section to get a bound on the

error in uh in the max�norm� We say that a family of triangulations fThg satis�es the
shape regularity condition if there is a constant � � � independent of h� such that for

any � � Th there is a disk with radius �h contained in � � For the approximation u�h

de�ned by ������� Nitsche ��
� proved the following result�

Theorem ��� �Joachim Nitsche� Suppose the family of triangulations satisfy both

the maximum angle condition and the shape regularity condition� Assume � and

u � W ������� then there exists a constant C independent of h� such that

ju� u�hj����� � C � h�jlnhj�kuk����� � k�k�������

This result together with Theorem ��� and Theorem ��� gives the following

Theorem ��	 Assume the conditions in Theorem ��� are satis�ed� Then there exists

a constant C independent of h� such that

ju� uhj����� � C � h�jlnhj�kuk����� � k�k�������

ju� �uhj����� � C � h�jlnhj�kuk����� � k�k�������

Remark� In some situations� we may only interested in the approximations

which stay above the original obstacle� Then the approximation �uh of ������ is a very

good choice because it still stays close to the true solution u within an optimal error

pointwise�



�

CHAPTER �

NUMERICAL APPROXIMATION OF

TIME�DEPENDENT FLOW OF BINGHAM FLUID

IN CYLINDRICAL PIPES

��� Introduction

Numerical solution of time�dependent obstacle problems have been inves�

tigated by Berger and Falk ���� Donati ���� Fetter �	�� Gastaldi and Gilardi ����

Jerome ����� Johnson ����� Scholz ���� and Vuik ��	�� In this paper� we consider

the numerical treatment of another type of parabolic variational inequality which

describes the time�dependent �ow of a Bingham �uid in a cylindrical pipe�

Let � be a bounded� convex domain in R� with C� boundary �� We de�ne

V � H�
� ����

�v� w� �
Z
�
vwdx for v� w � L�����

a�v� w� �
Z
�
rv � rwdx for v� w � V�

j�v� �
Z
�
jrvjdx�

Denote by k �ks the norm on the Sobolev space Hs���� It is well known that the form

a�v� w� is coercive on V � that is� there exists a constant 	 � ��� �� such that

a�v� v� � 	kvk�� for v � V� �����

We shall study a method for �nding approximate solutions of the following problem�

Given functions f and u� and a nonnegative constant g� �nd u 	 ��� T �� V such that

�

u


t
� v � u� � a�u� v � u� � gj�v�� gj�u� � �f� v � u� for v � V� t � ��� T �������

u�x� �� � u��x�� �����



�


The function u needs to have some regularity for ����� to make sense� Here and in

the corresponding �nite�dimensional problem we consider later� we suppose that u is

an L���� T � map into V and that �u
�t

is an L���� T � map into V �� the dual of V � It is

shown in ��� that u exists in this class and that it has a natural trace at t � ��

In Duvaut and Lions ��� it is shown that if u is the axial velocity in a laminar

Bingham �ow in a cylindrical duct of cross�section �� then u satis�es ������ In this

context f is the axial pressure gradient� g is the stress threshold below which the �uid

behaves as a rigid material and above which it behaves as an incompressible viscous

�uid� In this paper we take the viscosity to be one� Many economically important

substances are well approximated as Bingham �uids� heavy crude oils� drilling muds�

cement slurries� and coal slurries� If g is strictly positive� rigid zones can exist in

the interior of the �ow� As g increases� these rigid zones become larger and may

completely block the �ow when g is su�ciently large�

In section � a numerical approximation to the nonregularized problem is

de�ned and brie�y examined� for this approximation the problem is discretized in

space but not in time� In section � regularization is introduced and a collection of

bounds for these functions are given� Some measures of the smoothness of solutions of

the regularized problem are uniformly bounded as the regularization parameter goes

to zero� and this gives regularity on the solution of ������ A backward di�erenced in

time Galerkin in space scheme is given in section �� and a priori error estimates are

stated and proved� Section � is devoted to a closer study of these methods in the

special case of a single space dimension� better theorems can be proved in this case�

Some numerical results are given in section 
� In section � we present a modi�cation

of a beautiful result of H� Brezis� the result is used in section ��

��� Continuous Time Finite Element Approximation

Let Vh be a �nite�dimensional subspace of V � A continuous time �nite ele�

ment approximation is de�ned as follows�



��

Find uh 	 ��� T �� Vh such that

�

uh

t

� vh � uh� � a�uh� vh � uh� � gj�vh�� gj�uh� � �f� vh � uh� �����

for vh � Vh� � � t � T�

uh��� � Qhu�� �����

where Qh denotes the L� projection onto Vh�

Take the �nite dimensional subspaces Vh to belong to a family V such that

certain properties hold� For each element of V there is a positive number h �hence

the notation Vh�� Further the family V is such that there exists a constant C such

that for all Vh � V and v � V �H����

kv �Qhvkk � Ch��kkvk�� k � �� ��

One can think of V as consisting of spaces of continuous piecewise linear functions

over triangles of size approximately h� where there is some regularity to the shape of

the triangles� Note that showing that L��projection approximates well in H� usually

requires a� so�called� �inverse assumption�� In the remainder of this paper when we

are dealing with �nite dimensional spaces Vh and claim that a constant is independent

of h� the constant may well depend on the family V�
For functions � 	 ��� T �� X where X is a norm space with norm k � kX � We

denote by k�kLp�X� the L
p��� T � norm of k��t�kX � We also need� for � � ��� T �� the

Lp��� T � norm of k��t�kX which we denote by k�kLp���T �X�� First we prove an a priori

estimate for the solution of the semi�discrete problem ������

Lemma ��� Let uh be the solution of �
���� Then

kuhkL��H�� � �

	
�kfkL��H��� � ku�k��� ���
�

Proof� Taking vh � � in ������ we get

�

uh

t

� uh� � a�uh� uh� � gj�uh� � �f� uh��



��

Noticing j�uh� � � and that g � �� we deduce that

�

�

d

dt
kuhk�� � 	kuhk�� � �

�

d

dt
kuhk�� � a�uh� uh�

� �f� uh�

� kfk��kuhk�
� �

�	
kfk��� �

	

�
kuhk���

Integrating with respect to t and using uh��� � Qhu� gives

kuh�T �k�� � 	kuhk�L��H�� � �

	
kfk�L��H��� � kQhu�k���

and this gives the conclusion since 	 � ��

The di�erence between the solution of u of ����� and uh of ����� is estimated

in the following theorem�

Theorem ��� Let u and uh� be de�ned by �
�
� and �
���� respectively� Suppose that

u � L��H�� and u� � H�
� ���� Then

ku� uhkL��L�� � ku� uhkL��H�� � C
p
h� �����

where C is independent of h�

Proof� Take vh � Qhu in ������ v � uh in ����� and add them� to get

�� 


t
�u� uh�� u� uh� � �


uh

t

� Qhu� u�� a�u� uh� u� uh�

�a�uh� Qhu� u� � gj�Qhu�� gj�u� � �f�Qhu� u��

Since ��uh
�t
� Qhu� u� � �� we see that that

�

�

d

dt
ku� uhk�� � 	ku� uhk�� � a�uh� Qhu� u�

�gj�Qhu�� gj�u� � �f� u�Qhu�

� kuhk� � kQhu� uk�
�g
q
measure���kQhu� uk�

�kfk� � ku�Qhuk��



��

Integration with respect to t yields

ku� uhk�L��L�� � ku� uhk�L��H�� � C�ku� �Qhu�k�� � kuhkL��H�� � kQhu� ukL��H��

�g
q
T �measure���ku�QhukL��H��

�kfkL��L�� � ku�QhukL��L����

The conclusion follows by Lemma ��� and the facts

kQhu� ukL��H�� � Ch�

kQhu� ukL��L�� � Ch��

kQhu� � u�k�� � Ch	�

Remark� The proof of the above theorem required the L��H�� regularity assumption

on the solution u of ������ In Theorem ���
 of Section �� we show that u � L��H��

under certain conditions�

��� Method of Regularization

For � � R and � � � take

����� �
p
� � � ���

then �� is a C
�� convex� positive approximation to the absolute value function� We

use

j��v� �
Z
�
���jrvj�dx

as the regularization of the nondi�erentiable term
R
� jrvjdx� For � � �� the solution

of the regularized problem is u� 	 ��� T �� V such that

�

u�

t

� v � u�� � a�u�� v � u�� � gj��v�� gj��u�� � �f� v � u�� for v � V and t � ��� T �����	�

u��x� �� � u��x�� �����

The regularization process de�ned above is justi�ed by the following conver�

gence result�



��

Theorem ��� Let u� be the solution of �
��� and u that of �
�
�� Then

ku� u�kL��L�� � ku� u�kL��H�� � C��� g� 	� T �
p
�� ����
�

where C��� g� 	� T � is a constant only dependent of �� g� 	� T �

Proof� From ����� and ���	�� we have

�

u


t
� u� � u� � a�u� u� � u� � gj�u��� gj�u� � �f� u� � u��

�

u�

t

� u� u�� � a�u�� u� u�� � gj��u�� gj��u�� � �f� u� u���

By addition of the above two inequalities� we obtain

�

�

d

dt
ku� u�k�� � 	ku� u�k�� � gj��u�� gj�u� � gj�u��� gj��u��

� g �measure�����

where we used the fact that

� � ������ j� j � ��

Integrating with respect to t and using u��x� �� � u�x� �� � u� give ����
��

Since j��v� is di�erentiable� ���	� has its equivalent equation form�

Theorem ��� The solution u� for the regularized problem �
��� is characterized by

�

u�

t

� v� � a�u�� v� � g���u��� v� � �f� v� for v � H�
� ��� and t � ��� T � ������

u���� x� � u�� ������

where

���u��� v� � �j ���u��� v�

�
Z
�

ru� � rvq
�� � jru�j�

dx�



��

We can prove some a priori estimates for the solution u� of the regularized problem

���	��

Theorem ��� Suppose that f � L��L��� ft � L��H��� and u� � H�
� ���� Let u� be

the solution of the problem �
���� the following estimates hold�

ku�k�L��L�� � ku�k�L��H�� �
Z T

�
���u��� u��dt � C� ������

ku��k�L��L�� � ku�k�L��H�� � sup
��t�T

Z
�

q
jru�j� � ��dx � C� ������

ku��k�L����T �L�� � ku��k�L����T �H�� �
Z T

�

Z
�

��jru��j�
��� � jru�j�� ��

dxdt � C���� ������

where u�� �
�u�
�t
� � is a positive constant and C� C��� are independent of ��

Proof� By taking v � u� in ������ and integrating with respect to t� easily gives

�������

It is easy to verify that

���u��� u
�
�� �

d

dt

Z
�

q
jru�j� � ��dx�

Taking v � u�� in ������� we get

ku��k�� �
�

�

d

dt
a�u�� u�� � g

d

dt

Z
�

q
jru�j� � ��dx � �f� u����

Again by integrating with respect to t and using ������ we get �������

By di�erentiating ������ with respect to t� we get

�u��� � v� � a�u��� v� � �
t��u��� v� � �ft� v�� ����
�

Since

�
t��u��� v� � 
t

Z
�

ru� � rvq
�� � jru�j�

dx

�
Z
�

ru�� � rvq
�� � jru�j�

dx�
Z
�

�ru� � rv��ru� � ru���
�
q
�� � jru�j��


dx� ������



�


using Schwarz�s inequality gives

�
t��u��� u
�
�� �

Z
�

��jru��j�
��� � jru�j�� ��

dx�

Take v � u�� in ����
� and use ����� to see that

�

�

d

dt
ku��k�� � 	ku��k�� �

Z
�

��jru��j�
��� � jru�j�� ��

dx � �ft� u
�
��� ����	�

Integrating ����	� from s to t gives

ku���t�k�� � ku���s�k�� � �	
Z t

s
ku�����k��d� � �

Z t

s
kft���k��ku�����k�d��

from which we deduce that

ku���t�k�� � ku���s�k�� �
�

�	

Z t

s
kft���k���d��

If we integrate the above inequality with respect to s from 
 to t and use ������� we

have

ku���t�k�� �
C

t
�

In particular�

ku�����k�� �
C

�
�

Integrating ����	� from � to t gives �������

Theorem ��� In addition to the conditions in Theorem 
��� we assume that u� �
H���� and satis�es

kr � � ru�q
�� � jru�j�

�k� � C� ������

with C independent of �� Then

ku��k�L��L�� � ku��k�L��H�� �
Z T

�

Z
�

��jru��j�
��� � jru�j�� ��

dxdt � C� ����
�



��

Proof� Taking v � u����� in ������ with t � � and using ������� we get

ku�����k� � C�

with C independent of �� Therefore we have ����
� by integrating ����	� from 
 to t�

Remark� For an important special case u� � �� ������ is satis�ed�

The following regularity theorem for u is similar to a theorem by Duvaut

and Lions ��� �see pages �����
��� it follows from Theorem ��� and Theorem ��� by

letting �� ��

Theorem ��	 We assume that f and u� satisfy the conditions of Theorem 
��� Then

the solution u of �
�
� satis�es

u � L��H���

u


t
� L��H�� � L��L���

In order to show the H� regularity of the solution u� of ���	�� we need a

theorem regarding to H� regularity for the corresponding stationary problem which

is similar to the following theorem of H� Brezis� for a proof see pages ��	���� of ����

Theorem ��
 �H�Brezis� If f � L����� w � V satis�es

a�w� v � w� � gj�v�� gj�w� � �f� v � w� for v � V�

then there exists a constant C� only dependent on the regularity of the operator ��
on �� such that

kwk� � Ckfk��

The proof of the next theorem closely parallels that of the previous one and

is given in the appendix�



�	

Theorem ��� There exists a constant C� only dependent on the regularity of the

operator �� on �� such that for f � L���� if w� � V satis�es

a�w�� v � w�� � gj��v�� gj��w�� � �f� v � w�� for v � V� ������

then

kw�k� � Ckfk��

Theorem ��� If f � L��L�� and the conditions of Theorem 
�� are satis�ed� then

there exists a constant C independent of �� such that if u� solves �
��� then

ku�kL��H�� � C� ������

Proof� Since ����
� gives a uniform bound on ku��kL��L��� we can recast ���	� with

that term incorporated into f and apply Theorem ��	�

From Theorems ��
 and ��� we easily get

Theorem ���
 If f � L��L�� and the conditions of Theorem 
�� are satis�ed� then

u � L��H���

��� Discretization of the regularized problem

In this section we combine the spatial discretization technique of section �

� applied to the regularized problem� with a backward di�erence method to produce

a fully discrete approximate solution process�

In deriving error estimates for the discrete solutions in this section and

the next we suppose hypotheses of Theorem ���� ��	� ��� and ���
 in the

previous section hold for the solution u of ����� and the solution u� of ������

For N a positive integer� we set �t � T�N � tk � k�t� � � k � N � Then

the fully discrete regularized problem is de�ned as follows� For k � �� � � � � N � �nd

Uk � Vh� such that

�
Uk� vh � Uk��� � a�Uk��� vh � Uk��� � gj��vh�� gj��U
k��� � �fk��� vh � Uk���������

for vh � Vh�



��

kU� � u�k� � Ch� ������

where 
Uk � �Uk�� � Uk���t� Since we solve a minimization problem for a strictly

convex functional at each time tk� the solution exists and is unique�

The discrete norms used in this section are notationally cumbersome� so we de�ne

jjj�jjj�t � max
��k�N

k�kk� � �
N
k��k�kk���t�

�

� �

We refer to this as the natural norm� For functions � that are de�ned on ��� T � we

take �k � ��tk�� The main result of this section is the following�

Theorem ���� Let u� and fU�� U�� � � � � UNg be the solutions of problem �
��� and

�
�
�� respectively� Then there is a constant C independent of �t� h� and �� such that

jjju� � U jjj�t � C�h
�

� �
�t

�
�

�

��

Proof� Adopt the notation

ek � uk� � Uk� qk � uk� � �uk�

with �u � Qhu� is the L
� projection of u� to Vh� With vh � �uk�� in ������� we have

��
Uk� qk�� � ek��� � a��Uk��� qk�� � ek��� � gj���u
k���� gj��U

k��� ������

� �fk��� �uk�� � Uk����

Taking v � Uk��� t � tk�� in ���	� gives

�

u�

t

�tk���� 
uk� ��ek��� � �
uk� ��ek��� � a�uk��� ��ek��� � gj��U
k���� gj��u

k��
� �����
�

� �fk��� Uk�� � uk��� ��

Addition of ������ and ����
� gives

�
ek� ek��� � a�ek��� ek��� � ��
Uk� qk��� � a��Uk��� qk��� � �fk��� qk���

�gj���u
k���� gj��u

k��
� � ������

��

u�

t

�tk���� 
uk� ��ek����



�


Notice that

��
Uk� qk��� � ��

a��Uk��� qk��� � a�ek��� qk���� a�uk��� � qk����

gj���u
k���� gj��u

k��
� � � Ckqk��k��

and let

�k�� �

u�

t

�tk���� 
uk� �

The above relations give

�
ek� ek��� � a�ek��� ek��� � a�ek��� qk���� a�uk��� � qk��� � �fk��� qk���

�Ckqk��k� � ��k��� ek���

� �kek��k�� �
�

��
kqk��k�� � k�uk��� k�kqk��k� ����	�

�kfk��k�kqk��k� � Ckqk��k� � j��k��� ek���j�

Choosing � su�ciently small� multiplying by �t in ����	�� and summing over k give

n��X
k��

�ek�� � ek� ek��� �
n��X
k��

a�ek��� ek����t � C�
n��X
k��

kqk��k���t

�
n��X
k��

�k�uk��� k� � kfk��k��kqk��k��t

�
n��X
k��

kqk��k��t �
n��X
k��

j��k��� ek���j�t��

Since

�
nX

k��

�ek�� � ek� ek��� � ken��k�� � ke�k�� �
nX

k��

kek�� � ekk���

and by Theorem ���

kqk��k� � Ch�

kqk��k� � Ch��



��

we have� by using ����� and Theorem ����

max
��k�N

kekk�� �
NX
k��

kekk���t � C�ke�k�� � h �
N��X
k��

j��k��� ek���j�t�� ������

Now let us estimate
PN��

k�� j��k��� ek���j�t� Using ������ from Theorem ��� we get

��k��� ek����t � �
uk� �

u�

t

�tk���� e
k����t

� �u��tk���� u��tk�� u���tk����t� e
k���

�
Z tk��

tk

�u���t�� u���tk���� e
k���dt

�
Z tk��

tk

a�u��tk���� u��t�� e
k���dt

�
Z tk��

tk

g�j ���u��tk����� j ���u��t��� e
k���dt

�
Z tk��

tk

�f�tk���� f�t�� ek���dt�

We bound the �rst term on the right hand side by

N��X
k��

j
Z tk��

tk

a�u��tk���� u��t�� e
k���dtj �

N��X
k��

Z tk��

tk

Z tk��

tk

ja�u������ ek���jd�dt

�
N��X
k��

kek��k��t
Z tk��

tk

ku�����k�d�

�
N��X
k��

��kek��k���t �
�

��
��t��

Z tk��

tk

ku�����k��d��

� �
N��X
k��

kek��k���t �
�

��
��t��

Z T

�
ku�����k��d��

We can similarly estimate

N��X
k��

j
Z tk��

tk

�f�tk���� f�t�� ek���dtj � �
N��X
k��

�tkek��k�� �
�

��
��t��

Z T

�
kf ����k���d��

Now we estimate the middle term by

j
Z tk��

tk

�j ���u��tk����� j ���u��t��� e
k���dtj �

Z tk��

tk

Z tk��

tk

j���u������� ek���jd�dt�



��

From ������� we have

���u�����
�� ek��� � ��������u�����

�� ek���

� ���
Z
�

��ru�� � rek��q
�� � jru�j�

dx� ���
Z
�

���ru� � rek����ru� � ru���
�
q
�� � jru�j��


dx�

� ����I� � I���

with obvious notation and � � � � � to be chosen later� These terms satisfy

jI�j �
�Z

�

��� jru��j�
�� � jru�j�dx

� �

�

� kek��k��

jI�j �
Z
�

�� jrek��j � jru��j � jru�j�q
�� � jru�j���� � jru�j��

dx

�
�Z

�

��� jru��j�
�� � jru�j�dx

� �

�

� kek��k��

Therefore

Z tk��

tk

Z tk��

tk

j���u������� ek���jd�dt � �����tkek��k�
Z tk��

tk

�
Z
�

��� jru��j�
�� � jru�j�dx�

�

�d�

� ��tkek��k�� �
�t�

����

Z tk��

tk

Z
�

��� jru��j�
�� � jru�j�dxd��

We can conclude that

N��X
k��

j
Z tk��

tk

�j ���u��tk���� � j ���u��t��� e
k���dtj

� �
N��X
k��

kek��k���t �
�t�

����

Z T

�

Z
�

��� jru��j�
�� � jru�j�dxd�

� �
N��X
k��

kek��k���t

�
�t�

����

�Z T

�

Z
�

��jru��j�
��� � jru�j�� ��

dxd�

� �

�
�Z T

�

Z
�
�
��	jru��j�dxd�

� �

�

� �
N��X
k��

kek��k���t � C�
�t

�
�

�

���



��

where in the last two steps we used the Holder inequality and then chose � � �


and

applied ����
� of Theorem ���� Combining the above estimates gives

N��X
k��

j��k��� ek���j�t � �� � g��
N��X
k��

kek��k���t

�
�

��
��t��ku��k�L��H�� � C�

�t

�
�

�

�� ����
�

�
�

��
��t��kf �k�L��H���

Since � can be chosen su�ciently small� ������� ������� ����
�� and Theorem ��� com�

plete the proof�

In order to estimate the error between the solution U of ������ and the

solution u of ������ we need a modi�ed version of Theorem ����

Theorem ���� Let u� be the solution of �
��� and u that of �
�
�� Then

jjju� u�jjj�t � C��
�

� � �
�

� ��t�
�

� ��

where C is independent of �� h and �t�

Proof� We set z�t� � u�t�� u��t�� Note that

j
NX
k��

kz�tk�k���t�
Z T

�
kz�t�k��dtj � j

NX
k��

Z tk

tk��

�kz�tk�k�� � kz�t�k���dtj

� j
NX
k��

Z tk

tk��

Z tk

t

d

d�
kz���k��d�dtj

� ��t
NX
k��

Z tk

tk��

ja�z����� z���� � �z����� z����jd�

� ��tkz�kL��H��kzkL��H��

� ��tC��� g��
�

�kz�kL��H��

� C�t�
�

� �

where in the last two steps we applied Theorem ��� and then Theorems ��� and ��
�

This result when combined with Theorem ��� completes the proof�

The conclusion that we draw from Theorems ���� and ���� is the following�



��

Theorem ���� Let u be the the solution of �
�
�� and fU�� U�� � � � � UNg be the solu	
tion of �
�
��� Then there is a constant C independent of �t �h and �� such that

jjju� U jjj�t � C�h
�

� �
�t

�
�

�

� �
�

� � �
�

� ��t�
�

� ��

��� One�dimensional case

For the one�dimensional case using piecewise linear subspaces� better error

estimates obtain�

First we need a lemma about interpolation and the functional j� For simplicity� let �

be ��� ��� Let f� � x� � x� �� � � � � � xM � �g partition ��� �� and take hi � xi�xi���

Lemma ��� If rhu is the linear nodal interpolant of u � H���� ��� then

j�rhu� � j�u� and j��rhu� � j��u�

Proof� We recall from section � that ����� �
p
� � � �� and j��u� �

R �
� ���

du
dx
�dx� If

we set ���� � j� j� then j�u� �
R �
� ��

du
dx
�dx� Notice that � and �� are convex�

We will �rst prove j��rhu� � j��u�� We show that j��rhu� � j��rh
�

u� with

rh
�

u is the Vh
�

�interpolant of u� The �ner space is obtained from the coarser one by

adding the midpoints xi� �

�
to each interval �xi��� xi�� Calculation shows

j��rhu� �
Z �

�
���

d

dx
rhu�dx

�
MX
i��

Z xi

xi��

���
d

dx
rhu�dx

�
MX
i��

hi���
u�xi�� u�xi���

hi
�

�
MX
i��

hi���
�

�
�
u�xi� �

�
�� u�xi���
�
�
hi

�
u�xi�� u�xi� �

�
�

�
�
hi

��

�
MX
i��

�
�

�
hi���

u�xi� �

�
�� u�xi���
�
�
hi

� �
�

�
hi���

u�xi�� u�xi� �

�
�

�
�
hi

��

�
MX
i��

�
Z x

i� �
�

xi��

���
d

dx
rh
�

u�dx�
Z xi

x
i��

�

���
d

dx
rh
�

u�dx�



��

�
Z �

�
���

d

dx
rh
�

u�dx

� j��rh
�

u��

So we have

j��rhu� � j��r h

�l
u� for all natural numbers l� ������

It is not hard to see that rhu converges to u in H�
� as h � �� �The derivative of the

interpolant is the L��projection of the derivative of u�� Hence j��rhu� also converges�

Taking l � � in ������ gives j��rhu� � j��u�� A similar proof gives j�rhu� � j�u��

The following theorem improves the semi�discrete error estimate given by

Theorem ��� in this one�dimensional case�

Theorem ���� Let u and uh be as in Theorem 
��� with � being an interval� Then

ku� uhkL��L�� � ku� uhkL��H�� � Ch�

where C is independent of h�

Proof� We write eh � u� uh and �h � u� rhu� By H��regularity of u and u�� we

have

k�hk� � Chkuk��
k�hk� � Ch�kuk��

keh���k� � ku� �Qhu�k� � Ch�ku�k��

with C independent of h� Further rhu is the elliptic projection of u in the sense that

a��h� v� � � for any v in the space V � From the proof of Theorem ��� and Lemma

���� it is easy to see that

�

�

d

dt
ku� uhk�� � 	ku� uhk�� � �u�h� rhu� u� � �f� u� rhu� � gj�rhu�� gj�u�

� �u�h� rhu� u� � �f� u� rhu�

� ��e�h� �h� � �u�� �h� � �f� �h�� ������



�


Integrating by parts givesZ t

�
�e�h� �h�d� � �eh� �h�jt� �

Z t

�
�eh� �

�
h�ds

� �

�
keh�t�k�� � k�h�t�k�� �

Z T

�
j�eh� ��h�jds� keh���k�k�h���k��

Since time derivative and rh commute� we have k��hk� � Chku�k� and this givesZ T

�
j�eh� ��h�jdt �

Z T

�
kehk� � Chku�k�dt

� �kehk�L��L�� �
C�h�

��
ku�k�L��H���

We can bound the last two terms in ������ as follows�

j
Z T

�
�u�� �h�dtj � Ch�

Z T

�
ku�k�kuk�dt

� Ch�ku�kL��L��kukL��H���

j
Z T

�
�f� �h�dtj �

Z T

�
kfk�Ch�kuk�dt

� Ch�kfkL��L��kukL��L���

By integrating with respect to t� choosing � su�ciently small and using the above

estimates� the conclusion of the theorem follows�

The �nal theorem of this note deals with the full discretization error estimate

for the regularized problem in one�dimensional case�

Theorem ���� Let u� and fU�� U�� � � � � UNg be as in Theorem 
��� with � an in	

terval� Then there is a constant C independent of �t� h and �� such that

jjju� � U jjj�t � C�h �
�t

�
�

�

��

Proof� We choose �u � rhu� is the nodal interpolant of u�� Set q � u���u� qk � uk���uk�

ek � uk� � Uk� for � � k � N � and use the notation of the proof of Theorem �����

From ������ and Lemma ���� we get

�
ek� ek��� � a�ek��� ek��� � ��
Uk� qk��� � �fk��� qk�

��

u�

t

�tk���� 
uk� ��ek����



��

We only need to estimate the �rst term since the estimate of the other terms is as in

Theorem �����

First notice that

��
Uk� qk��� � �
ek� qk���� �
uk� � q
k����

N��X
k��

j�
uk� � qk���j�t �
N��X
k��

k
uk�k�kqk��k��t

� Ch�ku��kL��L��ku�kL��H���

Using summation by parts� we have

n��X
k��

�
ek� qk����t � �
n��X
k��

�ek� 
qk��t� �en� qn�� �e�� q��

j�en� qn�j � �

�
kenk�� � kqnk��

� �

�
kenk�� � Ch�ku�k�L��H���

Since 
t commutes with rh� we have

kq�k� � Chku��k� for all t � ��� T ��

Hence�

k
qkk� � �t��kqk�� � qkk�
� �t��

Z tk��

tk

k
q

t
k�dt

� C�t��
Z tk��

tk

hk
u�

t
k�dt

� C�t�
�

�h�
Z tk��

tk

k
u�

t
k��dt�

�

� �

N��X
k��

j�ek� 
qk�j�t �
N��X
k��

�kekk���t�
N��X
k��

�

��
k
qkk���t

� �
N��X
k��

kekk���t �
C

��

N��X
k��

h�
Z tk��

tk

k
u�

t
k��dt

� �
N��X
k��

kekk���t �
Ch�

��
k
u�

t
k�L��H���
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Applying Theorem ��� and ��� to the above estimates and the rest estimates which

are the same as Theorem ����� we can conclude the proof�

��� Numerical Experiment

We consider an one�dimensional example with � � ��� ��� g � �� f�t� x� �

��� u��x� � �� in ������ Let f� � x� � x� �� � � � � xn � �g be a uniform partition

on ��� �� with xi � ih for � � i � n� Here h is the spatial mesh size� We take the

time step size �t � h�� Take the �nite�dimensional subspace Vh to be the continuous

piecewise linear �nite element space�

The numerical solution of ������ is denoted by uh��� Since the solution of

����� is not known we estimate the error with

E�h� �� � jjjuh�� � uh����jjj�t�

where h� � ������ �� � ���
�

We compute E�h� �� for di�erent values of h and �� The results are gives in

Table �� We also list the corresponding L��L�� error in Table ��

� � ����� ��� � � ���� ��� � � ����� � � ���� � � ���� � � ���
h � ���� 
�


�
 
�


�
 
�


�� 
�


	� 
�
���	 
��
		

h � ���� 
�
	
�� 
�
	
�� 
�
	
�� 
�
	�
� 
�
�
�� 
����	�
h � ���� 
������ 
������ 
������ 
�����
 
�����
 
������
h � ���� 
�����	 
������ 
������ 
���	�
 
������ 
���	��

Table �� Natural Error Table

From these computations we see that when � is small the error changes little

with h �xed� which suggests our estimates may be conservative� We also see that

when � becomes bigger� the error is dominated by the size of ��

In order to study how the error varies with h� We plot E�h� �� versus h for

�xed �� Fig � shows that the total error is linearly proportional to h� which agrees
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� � ����� ��� � � ���� ��� � � ����� � � ���� � � ���� � � ���
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Table �� L��L�� Error Table
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Figure �� The natural error curves� Solid line for � � ����� dashed line for � � ����

with the theoretical estimate� We also plot the L��L�� error in Figs ���� From Figs

� one can observe that the log error curve is approximately a straight line with slope

equal to �� This suggests that the L��L�� error is O�h�� when � is small�

We plotted the solution curves for t � ���� ���� � � � � � with h � ����� in Fig

�� We see that there is a rigid zone in the center for all time and that when t � ���

the steady state has been reached�
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��� Proof of Theorem ��	

In this section� we will prove Theorem ��	 of section �� The proof is adapted

from the one by Brezis ��� with minor changes�

First we prove two lemmas�

Lemma ��� Suppose � � Rd is convex and that � and � are positive� Let u � H�
� ���

and let u� be the solution of

u� � ��u� � u on ��

u� � � on ��

Then we have

j��u�� � j��u�� ������

Proof� Let � be a smooth function such that � � � on �� � � � on � and ��

��

� � on

�� Here � is the outward normal�

We �rst prove that� if v is a smooth function on 
� which vanishes on �� then

�v � 
�v


��
�


v


�
�

�


�
������ � 
��


��
� on �� ������



��

We can assume that � � � and we choose a coordinate system ��e�� �e�� � � � � �ed� such
that �ed � ��� Locally� the equation of � is xd � f�x��� In a neighborhood of 
 in Rd��

we have ��x�� f�x��� � � and v�x�� f�x��� � �� Thus� for � � i � d� ��


�


xi
�x�� f�x��� �


�


xd
�x�� f�x���


f


xi
�x�� � ��


��


x�i
�x�� f�x��� � �


��


xd
xi
�x�� f�x���


f


xi
�x�� �


��


x�d
�x�� f�x����


f


xi
�x���� �


�


xd
�x�� f�x���


�f


x�i
�x�� � ��

Since �f

�xi
��� � �� we have


��


x�i
��� �� �


�


�
��� ��


�f


x�i
��� � ��

and hence

����� ��� 
��


��
��� �� �


�


�
��� ��

d��X
i��


�f


x�i
��� � ��

Similarly

�v��� ��� 
�v


��
��� �� �


v


�
��� ��

d��X
i��


�f


x�i
��� � ��

These two relations clearly give ������ when the sum involving f is eliminated� Since

� is convex� � can be chosen to be concave so that

�� � 
��


��
� � and


�


�
� �� ������

By continuity it is su�cient to establish ������ for smooth u� De�ne for � � Rd� the

function ����� �
q
j�j� � ��� Since �� is convex� we have

���ru�� ���ru�� �
dX

k��


��

�k

�ru��� 
u

xk

� 
u�

xk

�

�
dX

k��


��

�k

�ru������
u�

xk

��
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Hence� using integration by parts�

j��u�� � j��u�� �
X
k�l�m

Z
�


���

�m
�k

�ru�� 
�u�

xl
xm


�u�

xl
xk

dx

�
dX

k��

Z
�


��

�k

�ru�� 
�u�

xk
�

d�

� j��u� � �
Z
�

�q
jru�j� � ��


u�

�


�u�

��

d�

by noticing the convexity of �� and u� � � on ��

Since �u� � � on � � ������ and ������� we have �u�
��

��u�
���

� � on � so that

j��u�� � j��u��

Lemma ��� Relation �
�
�� in Theorem 
�� is equivalent to the following�

a�v� v � w�� � gj��v�� gj��w�� � �f� v � w�� for v � V� ����
�

Proof� If ������ is satis�ed then

a�v� v � w�� � gj��v�� gj��w��� �f� v � w��

� a�w�� v � w�� � gj��v�� gj��w��� �f� v � w�� � a�v � w�� v � w�� � ��

and hence ����
� holds�

Conversely� letting v � w����z�w�� in ����
�� dividing by �� and using the convexity

of j� we see that

a�w� � ��z � w��� z � w�� � gj��z�� gj��w�� � �f� z � w���

By making � � � we deduce �������

Proof of Theorem ����

Taking v � u� in ����
�� as in Lemma ��� with u � w�� we obtain by using

Lemma ��� and Lemma ���

Z
�
��u���u�dx � gj��u��� gj��w�� � �f� ��u���



��

and

Z
�
j�u�j�dx �

Z
�
jf jj�u�jdx�

So we have

k�u�k� � kfk� and ku�k� � Ckfk�

where C only depends on the regularity of �� on ��

Consequently� with the same C as above�

kw�k� � Ckfk��
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