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ABSTRACT

If one wants to minimize a nonlinear functional it is often fruitful to consider
the relationships which must hold at a minimum. If the functional is differentiable
and the permitted variations at the minimum constitute a linear space this process
gives equations that the minimum must satisfy, and if the functional is quadratic
these equations are linear. However, if the set of permitted variations is constrained
(for example to nonnegative functions) or the functional is nondifferentiable, then one
may find inequalities instead of equations.

We are interested in numerically approximating solutions of two types of
variational inequalities. The first one is variational inequalities with constrained
admissible set, frequently called obstacle problems. The second type is variational
inequalities with a non-differentiable term. An important example of this type is rigid
visco-plastic Bingham fluid.

L*>-error estimates for numerical solutions of obstacle problems have been in-
vestigated by C. Baiocchi and J. Nitsche. Though Nitsche’s estimate is optimal(O (h?|Inhl)),
the discrete solution he defined is not in general computable because the obstacle it-
self is not discretized. A new monotonicity principle for a discrete obstacle problems
is applied to obtain an optimal L*-error estimate for an approximation in which the
obstacle is only respected at the vertices of the triangulation. This result both uses
and improves the Nitsche’s estimate.

Numerical computation of Bingham fluid flow has been studied by M. Fortin
and R. Glowinski, but error estimates are not yet available for their methods. A new
numerical method for approximate solution of time-dependent flow of Bingham fluid
in cylindrical pipes which uses regularization of nondifferentiable term is studied.
Error estimates are described for the case in which the discretization is done using

piecewise linear finite elements in space and backward differencing in time.

vi



CHAPTER 1

A MONOTONICITY PRINCIPLE AND L*-ERROR
BOUND FOR A DISCRETE OBSTACLE PROBLEM

1.1 Introduction

L*>-error estimates for numerical solutions of obstacle problems have been in-
vestigated by Baiocchi [1] and Nitsche [16]. Though Nitsche’s estimate is optimal(O(h?|Inh|)),
the discrete solution he defined is not in general computable because the obstacle itself
is not discretized. Here we give an optimal L*°-error estimate for an approximation
in which the obstacle is only respected at the vertices of the triangulation. The proof
uses Nitsche’s result and a monotonicity property of the discrete problem.

The problem we want to approximate can be described in several different
ways, the formulation in terms of a variational inequality convenient here. Let Q C R?

be a bounded domain with boundary I'. Define a(v,w) to be the Dirichlet form:
a(v,w) = / Vv - Vwdz, v,w € Hy(Q).
Q

The obstacle is a continuous function ¥ : Q@ — R with ¥|r < 0. Set K = {v €
H;(Q) :v>¥in Q}. The obstacle problem is, given f € L*(Q), find u € K such
that

a(u,v—u) > (f,v—u) forallve K, (1.1)

where (-,-) is the L? inner product. The basic properties of the solution, including
existence and uniqueness, were established by Lions and Stampacchia [15]. A col-
lection of physical applications of this problem and related numerical methods were

discussed in a book by Glowinski [10].



1.2 Discrete Monotonicity Principle

Suppose henceforth that the boundary of 2, I', is polygonal. For a triangu-
lation T" of Q, let h = h(T) be the max of the lengths of the edges. We say that a
triangulation satisfies the maximum angle condition if no triangle in it has an angle
that exceeds m/2. We say that a family of triangulations satisfy the maximum angle
condition if each member does.

Given a triangulation T}, let Vj, = f/h(Th) denote the space of continuous
piecewise linear functions over Tj,. Take V, = V, N HM(Q). For v € C°Q) let
mh(v) € Vi be the nodal interpolant of v; v = 7, (v) at each vertex. Let ¥, = m, ()
define the discrete obstacle, and take K, = {v, € V} : v, > ¥,}. The discrete

approximation of u is given by u;, € K}, such that
a(up, vp — up) > (f,op —up)  for all v, € K. (1.2)

Note that the set K, of admissible functions is defined by a finite set of inequalities.

First we introduce some notation. We denote sup(v,,wp) € Vj, the least
upper bound and in f (v, wy) € V; the greatest lower bound for any vy, w, € Vj,; these
are just the node-wise max and min of the two functions. Further if we introduce the
notation v;” = sup(vy, 0), then we have identities sup(vy, wy,) = vy, + (wp — v4) ", and
inf(vp, wy) = wp, — (wp, —vp)T. Now we can prove a useful theorem. The idea of the

proof is motivated by Brezis and Stampacchia [4], Haugazeau [12].

Theorem 1.1 Suppose the triangulation Ty, satisfies the maximal angle condition.
Suppose that Ky, Ky are two convex subsets of Vi, = V(1)) and that u; € Ky,

uy € Ky solve the following variational inequalities:

a(ur,vp —uy) > (f,vn —uy) for allv, € Ky, (1.3)

a(ug, vy —ug) > (f,vn —uz) for all v, € K. (1.4)

Suppose also that Ky, Ky satisfy the following monotonicity property: For all v, € Ky,
ve € Ky, inf(vy,vq) € Ky, sup(vy,vy) € Ky. Then

(75} S Us.



Proof. With v, = sup(us, u1) = us + (ug — uz)* € Ky in (1.4), we have
a(uz, (ur — up) ™) > (f, (w1 — u2)™). (1.5)
Taking v, = inf(ug, u1) = uy — (u1 —uz)™ € Ky in (1.3) gives
a(ur, — (w1 —u2)") > —(f, (w1 —uz)™). (1.6)
By addition of (1.5) and (1.6), we have
a(uy — ug, (uy —uz)™) <O0. (1.7)
To complete the proof we will show that (u; — uy)™ = 0. With obvious notation,
a(uy — ug, (ug —u2)%) = Yrep, /T V(uy — uy) - V(up — ug)Tdx
= ETET}LET'

Let A, B, C be the vertices of the triangle 7, and denote the corresponding nodal
basis functions by ¢4, ¢p, ¢dc. Then (u; — us)|; = vada + vpdp + vepe, where
va = ui(A) —ug(A), etc. We consider four different cases.

Case 1: v4 <0, v <0, ve <0. Here (u; — us)*|, = 0, which implies E, = 0.
Case 2: vy >0, vg >0, vc > 0. Clearly E, > 0.

Case 3: v4 < wvp <0 < wve. This gives (u; — u2)™|;, = vope. So we have
V(ur — ug) - V(ug — u2)*|r = vavcVa - Voo + vpocVop - Voo + 05|V,

Since the angles of 7 are at most Z, we have V¢, - Voo < 0 and Vg - Voo < 0.

27
Therefore
V(u1 — ’LLQ) : V(u1 — U2)+|7— > 0.

Hence, E, > 0.
Case 4: vy < 0 < vg < ve. In this case (u1 — u2)t|; = vpop + vope. Using the

identity Vi + Vo + Voo = 0, we see that

V(ug —u2)|: = (va—vB)Voa+ (ve —vp)Voc,
V(uy —us)|, = —vpVeoa+ (ve —vp)Voc.



Computing the inner product we get

V(up —up) - V(uy —ug) |, = —(va—vp)v|Voal* + (ve — vp)?*| V|
+(va —vB)(ve —vB)Vda - Voo —vp(ve —vB)Vda - Voc

> 0.

Hence, E; > 0.
For each 7 € T}, we can label the vertices such that one of the cases above

holds. Since each E. is nonnegative, it then follows from (1.7) that

(u1 — U2)+ =0.m

Remark: In general K| O K5 does not imply the monotonicity property
used above even if K, K, are induced by the obstacles ¥y, ¥y, respectively, with
U, < WU,. This is because sup and inf defined here are node-wise, not the usual
continuous sense. However if Wy is piecewise linear with ¥; < W,, then it is easy to
see that {K;, K3} does have the monotonicity property. The sup condition does not
require anything beyond ¥, < ¥,.

The following theorem is about the L*>-norm stability of the discrete solution

of (1.2) for the perturbation of the piecewise linear obstacle function.

Theorem 1.2 If K| and K5 are two convex subsets of Vi, which are generated by two
piecewise linear obstacles W1 and Wy respectively, and u; andu, are the corresponding

solutions of the variational inequalities (1.3) and (1.4), respectively, then
|’LL1 — U2|oo S |\Ifl — \IJ2|OO (18)

Proof. Let r = |¥; — Uy|,. Taking v, = uy + (ug —uy — r)™ € Kj in (1.3), and
vp = ugy — (ug —uy — )T € Ky in (1.4), by addition, we find

a(us — uy, (ug —uy — 7)) <0.
By using the idea in the proof of Theorem 1.1, we have

(ug —u; — 1)t =0



which implies uy < uq + 7.

We also have u; < uy + r by interchanging u; and uy. Hence (1.8). =

Remark: If one of ¥y, ¥, is not piecewise linear, the above theorem does
not hold in general. Consider the case when Q = (0,1), f =0, ¥; = 0 and ¥, has
a peak near the boundary and equal to zero on the rest of the interval. If we take
h = %, then u; = 0, but us can be enormous.

We now briefly consider the five point finite difference approximation to
the Laplacian. It is well known that this scheme is identical to the finite element
approximation whose triangulation 7}, is generated by dividing each rectangle of the
finite difference mesh into two triangles. So the following similar monotonicity result
is an easy corollary of Theorem 1.1.

Suppose m is the number of the interior mesh points. Let A" be the m x m

matrix generated by the five point approximation to —A. Set
K" = {v" € R™ : v" > ¥"}  for some ¥ € R™. (1.9)

The discrete obstacle problem is the following. Given f* € R™, find " € K" such
that

(Al o — )y > (ff oh — ) for all v € K. (1.10)

Theorem 1.3 Suppose K" and K are two conver sets which are induced by two vec-
tors U and W as defined by (1.9), and u' and u} solve the corresponding variational

inequalities like (1.10). If % < Uh componentwise, then, in the same sense,

We now want to establish a relationship between the fully discrete and
semidiscrete versions of the obstacle problems. We will use two additional variational

inequalities. A new discrete obstacle U, by shifting U;,. Take

), = Uy, + B2| Ty o, (1.11)



where |¥3 o = maz{||¥11]|s0, [|¥12]|co, |[¥22]|c } and the subscripts here denote par-
tial differentiation. We set K; = {vpb, € Vj 1oy > \Tlh} and consider the following
problem: Find @, € K, such that

a(ﬂh, Uy — ﬂh) Z (f, Vp — ﬂh) fOI‘ all Uh € kh. (112)

Note that since ¥ < 0 on I, K is not empty for h sufficiently small.
A semi-discrete obstacle problem is defined using K* = {v, € V}, : v, >
U} = KNV, Find u* € K}, such that

a(up,vp —up) > (fyvp —up) for all v, € Kj. (1.13)

Notice that, in general, K; # Kj. Also, K; in generically involves infinitely many
constraints; it is for this reason we call this is a semi-discrete problem.

To show uy,, uj, and @, have a monotone relationship, we need to justify that
both {K,, K;} and {K;, K} satisfy the monotonicity property stated in Theorem
1.1. The following three lemmas are tools which are useful in making this justification.

The first lemma is elementary.

Lemma 1.1 Suppose that n is a unit vector and that ¢(t) = V(P + tn) for some
point P. Then
6" < 2/¥5,00-

Lemma 1.2 Suppose that 0 < o < h and that ¢ € W»>(0, ). Suppose that p is an
affine function such that ;1(0) > ¢(0) + 2h2||¢" || and p(a) > ¢(er). Then

p=¢ on(0,a).

Proof. If the conclusion fails £ = 1 — ¢ has a negative minimum at ¢y € (0, ). By

Taylor’s theorem

1 1
N6 o < €(0) < &(to) + 515010"[lo0

1 1
< Stoll9" oo < SPM1¢" oo m



Lemma 1.3 (a) For any vy, € Ky, and v;, € K}, sup(vp,v;) € K; and inf (v, v}) €
K.
(b) For any vi € K} and o, € Ky, sup(vi,t) € Ky and inf (v}, o) € K}

Proof. Part(a) is clear. We prove part(b).

Since sup(vi, @) > 0, > Uy, we have sup(vi, 0,) € K.

Now we show inf(v;, o) € Kj, i.e., inf(vy,v,) does not cut through the original
obstacle W. For notational simplicity, let w;, = inf (v}, o). Let A, B, C be the vertices
of the triangle 7 € T},. Consider first the case in which v} (A) > v,(A), v} (B) < ox(B),

v (C) < 9,(C). For any point P on the edge (B, C) take n = (P— A)/|P — A|. Define
o(t) = V(A + tn)

and
p(t) = wp(A + tn).

By Lemma 1.1 and Lemma 1.2 1 > ¢. Hence in this case w, > W. Next consider
a triangle for which v; > ¥), at more than one vertex. By the first case if shift the
value down at one vertex we are still above ¥. Hence we can replace v; by the new
function with the shifted value. We can now repeat this process once or twice more
as required. m

By part(b) of Lemma 1.3, one can observe that U, stays above W, which in

effect gives a corollary, a theorem from classical approximation theory.

Corollary 1.1 If w € W**(Q), then
lw — T < W2 |w|gc0-

By using Theorem 1.1 and Lemma 1.3, we have the following monotonicity theorem

of the solutions of the discrete obstacle problems (1.2), (1.13) and (1.12).

Theorem 1.4 If uy, uj and wy, are the solutions of (1.2), (1.13) and (1.12) respec-
tively, then

Up, Suzgﬂh



1.3 L*°-Error Bound

In this section we apply the results of previous section to get a bound on the
error in uy, in the max-norm. We say that a family of triangulations {7}, } satisfies the
shape regularity condition if there is a constant p > 0 independent of h, such that for
any 7 € 1}, there is a disk with radius ph contained in 7. For the approximation uj

defined by (1.13), Nitsche [16] proved the following result.

Theorem 1.5 (Joachim Nitsche) Suppose the family of triangulations satisfy both
the mazimum angle condition and the shape reqularity condition. Assume ¥ and

u € W2(Q), then there exists a constant C' independent of h, such that

= thloson < C-h2Inh|(||ullze0 + [

2,00,(2)-
This result together with Theorem 1.4 and Theorem 1.2 gives the following

Theorem 1.6 Assume the conditions in Theorem 1.5 are satisfied. Then there exists

a constant C' independent of h, such that

o0 < C-h2[inhl(Julloo0 + [1¥
boor < C - h|Inh|(|ullasen + ||

|U — Up 2,00,9)7

lu — @y, 2,00,0)-

Remark: In some situations, we may only interested in the approximations
which stay above the original obstacle. Then the approximation @, of (1.12) is a very
good choice because it still stays close to the true solution u within an optimal error

pointwise.



CHAPTER 2

NUMERICAL APPROXIMATION OF
TIME-DEPENDENT FLOW OF BINGHAM FLUID
IN CYLINDRICAL PIPES

2.1 Introduction

Numerical solution of time-dependent obstacle problems have been inves-
tigated by Berger and Falk [2], Donati [5], Fetter [8], Gastaldi and Gilardi [9],
Jerome [13], Johnson [14], Scholz [17] and Vuik [18]. In this paper, we consider
the numerical treatment of another type of parabolic variational inequality which
describes the time-dependent flow of a Bingham fluid in a cylindrical pipe.

Let © be a bounded, convex domain in R? with C? boundary I'. We define
v o= mo),
(v,w) = /vadx for v, w € L*(Q),
a(v,w) = /QVU -Vwdx for v,w eV,
j(v) = / Vo|da.
0

Denote by || - ||s the norm on the Sobolev space H*(2). It is well known that the form

a(v,w) is coercive on V, that is, there exists a constant a € (0, 1) such that
a(v,v) > allv]|? forveV. (2.1)

We shall study a method for finding approximate solutions of the following problem.
Given functions f and uy and a nonnegative constant g, find w : [0, 7] — V such that

Qv ) o — )+ gj(0) —giu) > (Fv—w) forveVire (0,7(22)

u(z,0) = wup(x). (2.3)
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The function u needs to have some regularity for (2.2) to make sense. Here and in
the corresponding finite-dimensional problem we consider later, we suppose that u is
an L*(0,T) map into V and that 2% is an L?(0,7) map into V', the dual of V. It is
shown in [7] that u exists in this class and that it has a natural trace at ¢t = 0.

In Duvaut and Lions |7] it is shown that if u is the axial velocity in a laminar
Bingham flow in a cylindrical duct of cross-section 2, then u satisfies (2.2). In this
context f is the axial pressure gradient, g is the stress threshold below which the fluid
behaves as a rigid material and above which it behaves as an incompressible viscous
fluid. In this paper we take the viscosity to be one. Many economically important
substances are well approximated as Bingham fluids: heavy crude oils, drilling muds,
cement slurries, and coal slurries. If ¢ is strictly positive, rigid zones can exist in
the interior of the flow. As ¢ increases, these rigid zones become larger and may
completely block the flow when g is sufficiently large.

In section 2 a numerical approximation to the nonregularized problem is
defined and briefly examined; for this approximation the problem is discretized in
space but not in time. In section 3 regularization is introduced and a collection of
bounds for these functions are given. Some measures of the smoothness of solutions of
the regularized problem are uniformly bounded as the regularization parameter goes
to zero, and this gives regularity on the solution of (2.2). A backward differenced in
time Galerkin in space scheme is given in section 4, and a priori error estimates are
stated and proved. Section 5 is devoted to a closer study of these methods in the
special case of a single space dimension; better theorems can be proved in this case.
Some numerical results are given in section 6. In section 7 we present a modification

of a beautiful result of H. Brezis; the result is used in section 3.

2.2 Continuous Time Finite Element Approximation

Let V}, be a finite-dimensional subspace of V. A continuous time finite ele-

ment approximation is defined as follows:



11

Find wuy, : [0,T] — V}, such that

8uh

(E, v — up) + alup, vn — up) + gj(vn) — gj(un) > (f,on —un)  (2.4)

forv, € V3,0 <t <T,

un(0) = Qnuo, (2.5)

where ), denotes the L? projection onto V.

Take the finite dimensional subspaces V}, to belong to a family V such that
certain properties hold. For each element of V there is a positive number h (hence
the notation V},). Further the family V is such that there exists a constant C' such
that for all Vj, € V and v € V N H*(Q)

v — Quolle < CR**[Jo]l2, k=0,1.

One can think of V' as consisting of spaces of continuous piecewise linear functions
over triangles of size approximately h, where there is some regularity to the shape of
the triangles. Note that showing that L2-projection approximates well in H' usually
requires a, so-called, “inverse assumption”. In the remainder of this paper when we
are dealing with finite dimensional spaces V}, and claim that a constant is independent
of h, the constant may well depend on the family V.

For functions ¢ : [0, 7] — X where X is a norm space with norm || - ||x. We
denote by ||¢||zr(x) the LP[0,T] norm of |[¢(t)||x. We also need, for 6 € [0,77], the
LP[6,T] norm of ||4(t)||x which we denote by ||¢||1»(5,r;x). First we prove an a priori

estimate for the solution of the semi-discrete problem (2.4).

Lemma 2.1 Let uy, be the solution of (2.4). Then

1
lunllzgry < — (£ ll2gr-1) + lluollo). (2.6)
Proof. Taking v, =0 in (2.4), we get

8uh

(ﬁa up) + a(up, up) + gj(un) < (f, un).
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Noticing j(uy) > 0 and that g > 0, we deduce that

1d 1d
§%||uh||§+alluhllf < §%||uh||§+a(uh,uh)
S (fauh)
< [ fll=allunllx
1 «
< oo IfIR+ Sl

Integrating with respect to ¢ and using up,(0) = Qpuy gives
1
lun(D)5 + ellunllZey < I Zaqr-2) + 1 Qnuollg,

and this gives the conclusion since a < 1. =

The difference between the solution of u of (2.2) and uy, of (2.4) is estimated

in the following theorem.

Theorem 2.1 Let u and uy, be defined by (2.2) and (2.4), respectively. Suppose that
u € L*(H?) and uy € Hy(Q2). Then

[ — wp|| oo r2) + 1w — wnl|p2qry < CVh, (2.7)
where C' s independent of h.

Proof. Take v, = Qnu in (2.4), v = uy, in (2.2) and add them, to get

0
(u —up),u —up) + (%,Qhu—u) —a(u — up, u — up)

+a(up, Quu — u) + g7 (Qnu) — gj(u) > (f, Quu — u).

_(E

Since (%’L, Qnu — u) = 0, we see that that

~—llu —upll§ + allu —unl} < alun, Quu — u)
+95(Qnu) — gj(u) + (f,u — Qru)

[unlly - [|@nu = ully

+gy/measure(Q)||Qru — u||;

1o - llw = @nullo-

IN



13

Integration with respect to t yields

lu = wnll Loz + = unllZoy < Cllluo — Quuollg + lunllzz) - 1Quu — ull 2y

—i—g\/T - measure(Q)||u — Quul|r2(mm)

+||f||L2(L2) lu— Qhu||L2(L2))-

The conclusion follows by Lemma 2.1 and the facts

|Qnu — ull 2y < Ch,
1Qnu — ull 22y < CH?,
1Qnuo — uolly < Ch'.m

Remark: The proof of the above theorem required the L?( H?) regularity assumption
on the solution u of (2.2). In Theorem 2.10 of Section 3, we show that u € L>°(H?)

under certain conditions.

2.3 Method of Regularization

For 7 € R and € > 0 take
5(r) = VT

then ¢, is a C'™°, convex, positive approximation to the absolute value function. We

use

je(w) = [ o Vol)de

as the regularization of the nondifferentiable term [, |Vv|dx. For € > 0, the solution
of the regularized problem is u, : [0, 7] — V such that

(%,U — ) + a(ue, v — ue) + gjc(v) — gje(ue) > (fyv —u;) forveVandte (0,7)(2.8)
ue(z,0) = up(z). (2.9)

The regularization process defined above is justified by the following conver-

gence result.
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Theorem 2.2 Let u. be the solution of (2.8) and u that of (2.2). Then
it = ey + = iz < €@, g,0, TIVE, (2.10)
where C (82, g,, T) is a constant only dependent of 2, g, o, T.

Proof. From (2.2) and (2.8), we have

(%,uf—u)+a(u,uf—u)+gj(uf)—gj(u) > (fru —u),
du, | |
(a—iau_ue)+a(u€7u_u5)+g']5(u)—g]E(ue) 2 (f,u_ue).

By addition of the above two inequalities, we obtain

——HU - uf“% + Oé“U, - Ue”? S gje(u) - g](u) + g](ue) - gje(ue)

< g -measure(Q)e,
where we used the fact that
0 < ¢pe(r)— || <e.

Integrating with respect to ¢ and using u.(z,0) = u(z,0) = ug give (2.10). m

Since j(v) is differentiable, (2.8) has its equivalent equation form.

Theorem 2.3 The solution u. for the reqularized problem (2.8) is characterized by

ou,

( 5 v) + a(ue,v) + g(Bue),v) = (f,v) forve Hy(Q) andt € [0,T] (2.11)

ue (0, z) = uy, (2.12)
where

(B(ue),v) = (je(ue),v)
— /de

Ve + [Vue|?
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We can prove some a priori estimates for the solution u, of the regularized problem
(2.8).

Theorem 2.4 Suppose that f € L*(L?), f, € L*(H™") and vy € H} (). Let u, be
the solution of the problem (2.8), the following estimates hold:

ol ey + Tl + [ (8w < O (2.13)
el uy + eley + sup [ ViVuc +ede < c (2.14)
2|VUI|2

T
UL ||% o (s pp2y + Ul 32570 —|—//—ddt<05, 2.15
im0l + [ f, o e 6), (215)

where u. = 85;5 , 0 is a positive constant and C, C(§) are independent of e.

Proof. By taking v = u. in (2.11) and integrating with respect to ¢, easily gives
(2.13).
It is easy to verify that

(Bluc), u, —dt/\/ Vu|]? + edx.

Taking v = u! in (2.11), we get

1d d
g + 5 e w) + 9= [ IVl + @da = (£,u)).

Again by integrating with respect to ¢ and using (2.1), we get (2.14).

By differentiating (2.11) with respect to t, we get

(ug,v) + alug, v) + (9B (uc),v) = (fi,v). (2.16)
Since
Vu, - Vo
B (ue),v) = —dx
_ / / Vue Vo) (Vu, - Vu)dx, (2.17)
QL /e2 + |Vu5|2 €2+ |Vu 2)3



using Schwarz’s inequality gives
€| Vul|?

(B (ue), ) =

Take v = u! in (2.16) and use (2.1) to see that

Integrating (2.18) from s to ¢ gives

t t
lue(1I5 — lue(s)Il5 + 20‘/5 lue(r)[[fdr < 2/5 £ llue(r) L,

from which we deduce that

1d 2
—— ||l ]|2 + of|ul]|? + %dx<
||€0 elll Q(

3 .
2

Q (2 + |Vu|?)

/ / 1 t
lue@I5 = lluc(s)lle < %/ 1fu(7) 1217

16

(2.18)

If we integrate the above inequality with respect to s from 0 to ¢ and use (2.14), we

have

lue(®)1l; <

~10

In particular,

lue(@)15 <

>l O

Integrating (2.18) from 0 to ¢ gives (2.15). m

Theorem 2.5 In addition to the conditions in Theorem 2.4, we assume that uy €

H?(Q) and satisfies

Vu
=)y <

IV (———==)lb <C,
€2+ [Vug|?

with C independent of €. Then

T
ey + Il + ) .

| Vul|?

€2+ |Vu|?):

“drdt < C.

(2.19)

(2.20)
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Proof. Taking v = .(0) in (2.11) with ¢ = 0 and using (2.19), we get
[ (0)[lo < C,

with C' independent of e. Therefore we have (2.20) by integrating (2.18) from 0 to t.

Remark: For an important special case ug = 0, (2.19) is satisfied.
The following regularity theorem for w is similar to a theorem by Duvaut
and Lions [7] (see pages 299-303); it follows from Theorem 2.4 and Theorem 2.5 by

letting € — 0.

Theorem 2.6 We assume that f and ug satisfy the conditions of Theorem 2.5. Then
the solution u of (2.2) satisfies

In order to show the H? regularity of the solution wu. of (2.8), we need a
theorem regarding to H? regularity for the corresponding stationary problem which

is similar to the following theorem of H. Brezis; for a proof see pages 118-122 of [3].
Theorem 2.7 (H.Brezis) If f € L*(Q), w € V satisfies
Cl(’U],U—U))—Fg](U)—g](UJ)Z(f,U—UJ) fO’f’UGV,

then there exists a constant C, only dependent on the regularity of the operator —A

on §2, such that

[w]l2 < Clfllo-

The proof of the next theorem closely parallels that of the previous one and

is given in the appendix.
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Theorem 2.8 There exists a constant C, only dependent on the reqularity of the
operator —A on Q, such that for f € L*(Q) if w. € V satisfies
a(we, v — we) + gje(v) — gje(we) = (f,v —we) forveV, (2.21)
then
[well2 < C|l fllo-

Theorem 2.9 If f € L>®(L?) and the conditions of Theorem 2.5 are satisfied, then

there exists a constant C' independent of €, such that if u. solves (2.8) then
\|twe|| poo(rr2y < C. (2.22)
Proof. Since (2.20) gives a uniform bound on ||u||;(z2), we can recast (2.8) with

that term incorporated into f and apply Theorem 2.8. m

From Theorems 2.6 and 2.7 we easily get

Theorem 2.10 If f € L*®(L?) and the conditions of Theorem 2.6 are satisfied, then

u € L>®(H?).

2.4 Discretization of the regularized problem

In this section we combine the spatial discretization technique of section 2
( applied to the regularized problem) with a backward difference method to produce
a fully discrete approximate solution process.

In deriving error estimates for the discrete solutions in this section and
the next we suppose hypotheses of Theorem 2.5, 2.6, 2.9 and 2.10 in the
previous section hold for the solution v of (2.2) and the solution u, of (2.8).

For N a positive integer, we set At = T/N, t, = kAt, 0 < k < N. Then
the fully discrete regularized problem is defined as follows: For £k = 1,---, N, find
U* € V},, such that

(OU* vy, — UM™Y 4+ a(UM vy, — UM™Y + gjic(vp) — gic(UFTY) > (f5 vy, — UFT12.23)

for v, € Vj,,
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1U° — gl < Ch, (2.24)

where OU* = (U**! — U*)/At. Since we solve a minimization problem for a strictly
convex functional at each time %, the solution exists and is unique.
The discrete norms used in this section are notationally cumbersome, so we define

1
Iolla: = max. 16°]lo + (ZR24 [l 0" [T A)=.

We refer to this as the natural norm. For functions ¢ that are defined on [0,7] we

take ¢F = ¢(t;). The main result of this section is the following.

Theorem 2.11 Let u, and {U°, U, --- UV} be the solutions of problem (2.8) and
(2.23) respectively. Then there is a constant C' independent of At, h, and €, such that

At
luc — Ullae < C(h% + ).

€3

Proof. Adopt the notation

kE_ .k k k _
e =u, —-U", ¢ =u

k

e_

ak,

with @ = Qpu, is the L? projection of u, to Vj,. With v, = @**! in (2.23), we have

(—8U’°,qk+1 . ek—i—l) + Cl(—Uk+1,qk+1 . elc-i—l) +gj5(ﬂk+1) . gje(UkH) (225)

> (fRFL gt — gkt

Taking v = UFL ¢t = ¢, in (2.8) gives

Ou,
( ot

(thi1) — Ouf, —eF ) + (Ouf, —eF ) + a(uf ™, —eF 1Y) + gi (UFTY) — g (uF{2.26)

> (fk+1 Uk+1 _ Uk+1).
Addition of (2.25) and (2.26) gives

(06t ¢F4) aehH ) < (DU ) (=R ) £ (PR g
+9je (@) — gje(ufth) (2.27)

ou,
T (try1) — Guf, —e]“'l).

+(
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Notice that

(—oU* ¢*t) = o,

a(=U " = a( M) —a(uf T, Y,
9je (@) = gje(wft) < Clld"*,
and let
o,
pk+1 = E(tk+1) — 3uf

The above relations give

(8€k,6k+1)-+-a(€k+1,€k+1) < a(€k+1,qk+1)__ a(uf+1,qk+1)4—(fk+l,qk+1)
+CO[ld" 1 = (P, M)
1
< O+ Sl R+ 1 Aue lollg™ o (2.28)

40
HI H lolla™ Mo + Cllg™ I + 10", ).

Choosing § sufficiently small, multiplying by At in (2.28), and summing over k give

n—1 n—1 n—1
Z(€k+1 — ek eF ) ¢ > a(eft! P AL < c> l* T 2AL
k=0 k=0 k=0

n—1
+ > (1A o + [ o)™ oAt
k=0

n—1 n—1
+ 3l h AL+ D705 A,
k=0 k=0

Since

n n
2 ("t —eF et = [l G — 1”5 + D et — eI,
k=0 k=0

and by Theorem 2.9

"]

"+ o

IN

Ch,
Ch?,

IN



we have, by using (2.1) and Theorem 2.9,

max|le*[|3 + Z le* At < C([le’lI5 + R + Z (P, e AL).

<k<
0<k<N Pt

Now let us estimate E

21

(2.29)

o (P, ek +1)|At. Using (2.11) from Theorem 2.3 we get

ou,
(pk+1, 6k+1)At _ (8uf _ o (tk+1) k+1)At
= (ueltrrn) = ue(te) = u(terr) A, )

— [ -

u,e(thrl)a 6k+1)dt

tk+1 k+1
— / a(uf(tk+1) - ue(t)a € )dt

173

[ gl — i), e
= [ Pl = £10), ),

We bound the first term on the right hand side by

N-1 thar .
S [ aludten) = udt), el

We can similarly estimate

<

<

IN

L") | drdt

N-1 .4 t
> / T e
tr tr

let1
S ekt [ )
0 te

N—-1 ty 41
X @t + 45807 [ (o) )
P 46

N-1
53 IR+ = (A0? [t () ar
k=0 40

t’““ k+1 = k412 1 o (T 4 2
z| J, " Ultkn) = @5t < 850 At + a0 [TF G
=0

Now we estimate the middle term by

tr

tkt1 , tkt1  fle+1
[ lltin) = dlue0). <Nt < [ [T (Bt

), et drdt.

173
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From (2.17), we have

(B, = eI Bur)), )
_7/ 'Vl - Vebtt / (Vi - VeH) (Vu, - Vaul)

(/& + | Vuf2)?

dz,

with obvious notation and 0 < v < 1 to be chosen later. These terms satisfy

1
€2fy|vul|2 b
il < </Q T Vu ™ [l

/ | Vektt - | Vul] - |Vu5|2

VU )
27|Vu |2 3
S 2 B L kT )
</Q€2+|VUE|2 x) el

|15

IN

Therefore

27| Vul|?

ly1 fle+1 b k4l B il tht
€ ) d dt < 2 ’YAt + / / 7661
/tk- /tk- [(Bluc(m))'s e)ldr = € e tr ( Q€2 4 |Vu|? )

trt1 2’Y|Vu |2
k41712
SAH|e T + 527/ /GQHW gdodr.

M

dr

IN

We can conclude that

S 1 )~ ),

N-1 AtQ 27|vu |2
< 5 k+1)12 A ¢ / / VU
- 192:;) e At + 5o Je o €2+ |Vu,|? war
N—1
< 33 A
At2 €2 2
T (/ / [V da:d7'> (/ / 4Tl dxd7'>
56 ! (€2 + |Vuel?)
At
<9 Z [Canlh At+C(— 7)’,

k=0
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where in the last two steps we used the Holder inequality and then chose v = % and

applied (2.20) of Theorem 2.5. Combining the above estimates gives

N-1 N—1
oML NAL < (249)8 D [lFHITA
k=0

k=0
At
APl + O (230)
4(5 €3
(AP

Since ¢ can be chosen sufficiently small, (2.24), (2.29), (2.30), and Theorem 2.5 com-
plete the proof. m

In order to estimate the error between the solution U of (2.23) and the

solution u of (2.2), we need a modified version of Theorem 2.2.

Theorem 2.12 Let u, be the solution of (2.8) and u that of (2.2). Then

),

M=

e — wel|ar < C’(e2 +ei (At)
where C' is independent of €, h and At.

Proof. We set z(t) = u(t) — u.(t). Note that
3 lltu) A | Sl = I3 [ etwol = e
- IZ A =) ]

< 2t (" ol )2 (0) + (). ()
k=1"tk-1

< 20t | pp ey 2| Lo

< 2MtC(Q, 9)eR |2 [l

< C’Ateﬁ,

where in the last two steps we applied Theorem 2.2 and then Theorems 2.5 and 2.6.

This result when combined with Theorem 2.2 completes the proof. m

The conclusion that we draw from Theorems 2.11 and 2.12 is the following.
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Theorem 2.13 Let u be the the solution of (2.2), and {U°, U, - UM} be the solu-
tion of (2.23). Then there is a constant C' independent of At ,h and €, such that

At
lu—Ullar < C(h7 + = + €7 + €5 (AL)?).
€3

2.5 One-dimensional case

For the one-dimensional case using piecewise linear subspaces, better error
estimates obtain.
First we need a lemma about interpolation and the functional j. For simplicity, let €2

be (0,1). Let {0 =2y < 21 <,---,< xp = 1} partition (0, 1) and take h; = z; — ;1.
Lemma 2.2 If ryu is the linear nodal interpolant of u € H'(0,1), then
Jlrpuw) <j(u) and  jo(rpu) < je(u)

Proof. We recall from section 3 that ¢.(7) = V72 + €2 and j(u) = [ ¢(L)dx. If
we set ¢(7) = |7, then j(u) = [y ¢(%)dz. Notice that ¢ and ¢ are convex.

We will first prove j.(rpu) < je(u). We show that j(rpu) < je(r%u) with
rau is the V% -interpolant of u. The finer space is obtained from the coarser one by

adding the midpoints T; 1 to each interval (z; 1, ;). Calculation shows
. 1 d
Je(rpu) = / gbe(—rhu)dx
= Z/ rhu dx
Ti—1
Uu l‘i — U\T;—
- Yo = 1)

i

= Zh, ¢e (5U )_;Liu(xz 1) N u(x;) :}Z(x’%)))
< Z}(lh de( u(w;_ 1)l;iu(xi—1)) N %hi¢€(u(xi) :}Z(xi_%)))

= ¢6(—rhu dx+/ rhu)dx)

i=1 %=1

wl»—-
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1 d
= /0 qﬁf(%r%u)dx
jg(r%u).

So we have

Je(rpu) < je(rau) for all natural numbers [. (2.31)

ol
It is not hard to see that rpu converges to u in Hy as h — 0. (The derivative of the
interpolant is the L?-projection of the derivative of u.) Hence j.(rpu) also converges.
Taking [ — oo in (2.31) gives jc(rpu) < je(u). A similar proof gives j(r,u) < j(u).
u

The following theorem improves the semi-discrete error estimate given by

Theorem 2.1 in this one-dimensional case.

Theorem 2.14 Let u and uy, be as in Theorem 2.1, with € being an interval. Then
lu = unl[peor2y + [lu — wnll2cmy < Ch,

where C' is independent of h.

Proof. We write e, = u — uy, and 1, = u — rpu. By H?-regularity of u and ug, we

have

IN

Il < Chllulls,
Iello < Ch2[lulla,

len(0)]lo = [Juo — Qruollo < Ch?|ugll2,

with C' independent of h. Further r,u is the elliptic projection of u in the sense that
a(ny,v) = 0 for any v in the space V. From the proof of Theorem 2.1 and Lemma

2.2, it is easy to see that

Sllu =l +allu =i < (uh,rau —u) + (f,u—rau) + gi(rau) — gj(u)
< (UIh,ThU - U) + (fau - ThU)

= (€, mm) + (', nn) + (f, 7m)- (2.32)
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Integrating by parts gives
t t
[ ehmdr = (enm)ls = [ (en)ds

1 T ,
ﬂ%@%ﬂm®%+AK%mWHWMWM%@M

IN

Since time derivative and 7, commute, we have ||}, |0 < Chl|v/||; and this gives

T / T /
| Nenm)lat < [ llenllo- Chlluuat

C?h?
< Ollenllaqey + THUI“%%HU'

We can bound the last two terms in (2.32) as follows:

r l 2 T l
[ @t < on? [ ot

< OR?|J|| 22y ||ull 2y,

IN

T
| 1 loCH? e
CR || fllz2we) lullaze)-

[

IN

By integrating with respect to t, choosing ¢ sufficiently small and using the above

estimates, the conclusion of the theorem follows. m

The final theorem of this note deals with the full discretization error estimate

for the regularized problem in one-dimensional case.

Theorem 2.15 Let u. and {U°, U, --- UV} be as in Theorem 2.11 with 0 an in-
terval. Then there is a constant C' independent of At, h and €, such that

At
lue = Ullae < C(h+ —).
€3

k

e_

ek =uF —U* for 0 < k < N, and use the notation of the proof of Theorem 2.11.

Proof. We choose @& = rju, is the nodal interpolant of u.. Set ¢ = u.—1, ¢* = uF—a*,

From (2.27) and Lemma 2.2, we get

(aek’€k+1) + a(€k+1,€k+1) S (—GU’“,qk“) + (fk+1,qk)

Ou,
5 (try1) — 8uf, —ek+1).

+(
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We only need to estimate the first term since the estimate of the other terms is as in
Theorem 2.11.
First notice that

(_aUk:,qk)-i-l) — (86k,qk+1) (aue,qk-i-l)

N-1 N-1
> l0ué g har < 7 1oudfolld™ oAt
k=0 k=0
S C'h2||u'6||Loo(L2)||u€||Loo(H2).

Using summation by parts, we have

n—1 n—1

Z(@ek, FTHAL = — Z(ek, o)At + (™, ¢") — (€%, ¢%)

k=0 k=0
@ < Gl + el
< 1B + OBl
Since 0; commutes with r,, we have

ld'|lo < Chljull]; for all t € [0,T].

Hence,
10g" ]l = At~M|g"! — q’“ll
thg1
< [ o
173
< cm*/’“ h||a“f|| dt
123
< CAt‘%h(/ IIauEII dt)?,
tr
N-1 N—
Y l(eF,0¢F) At < Z ||ek||0At+Z ||3q oAt
k=0
N— ON 1 aue
< Zn ’“||At+452h2/t |55 I
k

Ch? Ouc .
= 5% At + S 2y,
k=0
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Applying Theorem 2.5 and 2.9 to the above estimates and the rest estimates which

are the same as Theorem 2.11, we can conclude the proof. =

2.6 Numerical Experiment

We consider an one-dimensional example with Q = (0,1), ¢ = 1, f(t,x) =
10, up(xz) = 0, in (2.2). Let {0 = xy < @1 <, --,x, = 1} be a uniform partition
on (0,1) with z; = ih for 0 < ¢ < n. Here h is the spatial mesh size. We take the
time step size At = h?. Take the finite-dimensional subspace V}, to be the continuous
piecewise linear finite element space.

The numerical solution of (2.23) is denoted by u.. Since the solution of

(2.2) is not known we estimate the error with

E(h, €) = llun.c = tnocollars

where hy = 1/240, ¢y = 107°.
We compute E(h,¢) for different values of h and e. The results are gives in

Table 1. We also list the corresponding L>°(L?) error in Table 2.

€=1/10,000 | e =1/1,000 | e =1/100 | e =1/20 | e=1/10 | e =1/5
h=1/40 | 0.06050 0.06046 | 0.06012 | 0.06681 | 0.07958 | 0.10886
h=1/30| 0.08097 0.08093 | 0.08042 | 0.08565 | 0.09631 | 0.12181
h=1/20| 0.12217 0.12212 | 0.12171 | 0.12440 | 0.13236 | 0.15214
h=1/10| 0.24998 0.24993 | 0.24955 | 0.24846 | 0.24914 | 0.25895

Table 1: Natural Error Table

From these computations we see that when e is small the error changes little
with h fixed, which suggests our estimates may be conservative. We also see that
when € becomes bigger, the error is dominated by the size of e.

In order to study how the error varies with h. We plot E(h,€) versus h for

fixed €. Fig 1 shows that the total error is linearly proportional to h, which agrees



e = 1/10, 000

e =1/1,000

e =1/100

e=1/20

e=1/10
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e=1/5

h=1/40

0.00067

0.00068

0.00061

0.00448

0.00879

0.01233

h=1/30

0.00121

0.00118

0.00097

0.00433

0.00862

0.01608

h=1/20

0.00252

0.00250

0.00233

0.00412

0.00824

0.01544

h=1/10

0.01009

0.01012

0.00986

0.00874

0.00841

0.01367

0.26

Table 2: L>=(L?) Error Table
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0.12
0.1r

error

008 |

0.06

0.02 0.0

h

3 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Figure 1: The natural error curves. Solid line for € = 0.01, dashed line for e = 0.1.

with the theoretical estimate. We also plot the L>°(L?) error in Figs 2-3. From Figs

3 one can observe that the log error curve is approximately a straight line with slope
equal to 2. This suggests that the L>(L?) error is O(h?) when € is small.
We plotted the solution curves for ¢t = 0.1,0.2,---,1 with h = 0.025 in Fig

4. We see that there is a rigid zone in the center for all time and that when ¢ = 0.8

the steady state has been reached.
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Figure 2: L>(L?) error curve with e = 0.01.
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Figure 3: Log-log plot of L®(L?) error with ¢ = 0.01.
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0.9
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05
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03 r
0.2
0.1 r

X

Figure 4: Solution Curves at times 0,0.1,0.2,---,1.0.

2.7 Proof of Theorem 2.8

In this section, we will prove Theorem 2.8 of section 3. The proof is adapted
from the one by Brezis [3] with minor changes.

First we prove two lemmas.

Lemma 2.3 Suppose Q € R? is convex and that € and & are positive. Let u € H ()

and let us be the solution of

us — 0Aus = u on
us = 0 onlT.
Then we have

Proof. Let ( be a smooth function such that ( > 0on 2, ( =0on ' and % # (0 on
['. Here v is the outward normal.

We first prove that, if v is a smooth function on  which vanishes on I', then
v v, dC 0%C

- = -1 - -
Av— o =5 ) L

on I (2.34)
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We can assume that 0 € I' and we choose a coordinate system (€7, €3, -,€z) such
that €; = 7. Locally, the equation of I' is 4 = f(z'). In a neighborhood of 0 in R4~!
we have ((2', f(2')) =0 and v(2/, f(2')) = 0. Thus, for 1 <i<d—1,

o, , a¢ of , i _
axi(x’f( ))+8—d( f(x))axl( ') =0,
0? 0? 0
@)+ 2 [ g0 +
¢, , of OC v e O
a—:cg(x , [ ))(ax,( '))? + 8—xd(:c ,f(@ ))axg (2) =0,
Since gf (0) =0, we have
0? )
0.0+ 20,025 0) =0,
and hence
82< 8< d—1 a2f B
AC(0,0) — W(O 0) + 8V(o,o); 922 (0) = 0.
Similarly
0?v v 1o2f

Av(0,0) — = 2(0 0) + 8V(o,o);@(o) = 0.

These two relations clearly give (2.34) when the sum involving f is eliminated. Since

Q) is convex, ¢ can be chosen to be concave so that

Ac— P8 cpama 2o (2.35)

ov? ov

By continuity it is sufficient to establish (2.33) for smooth u. Define for £ € R%, the
function ¥ (&) = \/|£|? + €2. Since ). is convex, we have

4o, ou  Oug

8xk
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Hence, using integration by parts,

| P gy Pus Pus
<
Je(ug) Je(u Z / 3§ma§k )axlaxm Ox 0y, o
3% 6 Us
+ Z / 3§k 81: audF
2
< Gelu +5/ S LY

/|Vug|? + e2 Ov OV°

by noticing the convexity of ¢, and us =0 on I'.

Since Aus =0on I, (2.35) and (2.34), we have 2% 33“25 <0 on I' so that

Je(us) < je(u). m
Lemma 2.4 Relation (2.21) in Theorem 2.8 is equivalent to the following:
a(v,v —we) + gje(v) — gje(we) > (f,v —we) forveV. (2.36)
Proof. If (2.21) is satisfied then
a(v,v = we) + gje(v) — gje(we) — (f, v —w)
= a(we,v = we) + gje(v) = gie(we) = (f, v = we) + alv — we, v = we) >0,

and hence (2.36) holds.
Conversely, letting v = w,+6(z —w,) in (2.36), dividing by #, and using the convexity

of j. we see that

a(we +0(z — we), z — we) + gje(2) — gje(we) > (f, 2 — we).

By making # — 0 we deduce (2.21). m

Proof of Theorem 2.8:
Taking v = u; in (2.36), as in Lemma 2.3 with u = w,, we obtain by using

Lemma 2.4 and Lemma 2.3

/Q —Aus6Ausdz + gjc(us) — gje(we) > (f,64us),



and
/|Au5|2da:§/ | f]| Aus|de.
Q Q
So we have
[Ausllo < || fllo and [lusl[> < C|flo

where C' only depends on the regularity of —A on €.

Consequently, with the same C' as above,

|wella < C||fllo- m
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