


AMS570							         Professor Wei Zhu

Sampling from the Normal Population

*Example: We wish to estimate the distribution of heights of adult US male. It is believed that the height of adult US male follows a normal distribution 
Def.  Simple random sample: A sample in which every subject in the population has the same chance to be selected. 

: The Random Variable denote the height of a adult male we will choose randomly from the population

So : the distribution of a randomly selected subject is the population distribution.

Theorem 1  Sampling from the normal population

Let , where i.i.d stands for independent and identically distributed
1. 

2. 



*Reminder: The Sample variance  is defined as: 
*Def 1: The Chi-square distribution is a special gamma distribution (*** Please find out which one it is.)

*Def 2: Let


3. 


 （Z score of ）
4. 
 are independent.
5. 
     (t distribution with (n-1) degrees of freedom)

*Def. of t-distribution (Student’s t-distribution, first introduced by William Sealy Gosset )




Let , , where  are independent. 

Then, 
[image: ]
Wiki: William Sealy Gosset (June 13, 1876–October 16, 1937) is best known by his pen name Student and for the Student's t-distribution.
*Proof of 5 



We know that  and 


Furthermore, since are independent, thus are independent.

Therefore by the definition of t-distribution, 

*We will prove #2 & #4 for the special case of n=2. In that case, we have:


Independent 


*#2  



 *You can prove this using the pivotal quantity method

 (using the 2nd Definition of Chi Square Distribution.)

*#4 




If we can show  and  are independent then we have proven that  and  are independent.

Approach 1:   p.d.f.   

Approach2:   m.g.f. 
The joint m.g.f. of X and Y is defined as:


Note: We have done this already.

Additional Questions and Solutions


Question 1 (Review). Prove  for any distribution/population.
Solution



   

   

   



          






Question 2. 
· Please point out a chi-square random variable with k degrees of freedom corresponds to which particular gamma distribution.
· Please write down the pdf, mgf, mean, and variance of a general gamma distribution and of a chi-square random variable with k degrees of freedom.
Solution


Let .  is indeed a special random variable. 
Gamma distribution


 (Some books use )    


or


   if r is a non-negative integer, then 




      










Special case : when 

Special case : when 

Review



p.d.f. 

m.g.f. 



e.g. Let . What is the distribution of ?
Solution 








e.g. Let . What is the mgf of ?
Solution










e.g. Let , , and  are independent. What is the distribution of ?
Solution 



  



Theorem (review). (Under regularity conditions), the random variables W and V are independent if and only if (iff): 
1. 

2. 

Definition (review):

 
*Note: replace the integrals with summations for discrete random variables. 

Definition (new):
The conditional pdf of X given Y = y is defined as:

Homework #1. (Due Thursday, February 16, before class.)
(1). Please read chapters 1, 2, 3 of our textbook
(2). Please work out the following 12 problems from our textbook as a review for chapters 1 & 2
1.6.2, 1.7.20, 1.7.21, 1.8.8, 1.8.14, 1.9.24, 2.1.6, 2.1.7, 2.1.15, 2.2.3, 2.5.6, 2.5.9




(3). Problem #13: (must do): Suppose X and Y follow a bivariate normal probability distribution, that is,  where  is the correlation between . 
Please derive the conditional distribution of X given Y = y. (*Please read section 3.5 of our textbook.*)

(4). Problem #14 (extra credit): Suppose that we have a random sample from the bivariate-normal population:


 , 
Furthermore, it is known that .

(a) 
At the significance level α, please construct a test to test whether  or not.  Is this test exact or approximate? Please note that an exact test is preferred over an approximate test if the exact test exists. 
(b) 

 At the significance level α, please propose a test to test whether  or not where is a non-zero constant between -1 and 1.  Is this test exact or approximate? Please note that an exact test is preferred over an approximate test if the exact test exists. 
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