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The Periodogram 

Any time series can be expressed as a combination of cosine 

(or sine) waves with differing periods (how long it takes to 

complete a full cycle) and amplitudes (maximum/minimum 

value during the cycle).  This fact can be utilized to examine 

the periodic (cyclical) behavior in a time series. 

A periodogram is used to identify the dominant periods (or 

frequencies) of a time series.  This can be a helpful tool for 

identifying the dominant cyclical behavior in a series, 

particularly when the cycles are not related to the commonly 

encountered monthly or quarterly seasonality. 

 

Note: In this lecture, we will use centered time series with 

sample mean = 0.  

That is, for a time series:           . We will center it 

around its sample mean  ̅, such that: 

       ̅                                     ̅     

 

1. A Simple Times Series Consisting of a Single Cosine 

Function 

 

Imagine fitting a single cosine wave to a (sample-mean 

centered) time series observed in discrete time.  Suppose that 

we write this cosine wave as 

xt = Acos(2πωt+ϕ) 

 

A is the amplitude.  It determines the maximum absolute 

height of the curve. 

ω is the frequency.  It controls how rapidly the curve 

oscillates. 

ϕ is the phase.  It determines the starting point, in angle 

degrees, for the cosine wave. 

For a cosine (or sine) wave: 

• The period (T) is the number of time periods required to 

complete a single cycle of the cosine function. 

• The frequency is ω = 1/T. It is the fraction of the complete 

cycle that is completed in a single time period. 
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To temporarily simplify things, suppose that ϕ = 0 and think 

about the quantity 2πωt.  Recall that T = number of time 

periods for a full cycle and that ω = 1/T.  As we move through 

time from t = 0 to t = T, the value of 2πωt ranges from 0 at t = 0 

to 2π at t = T.  In angle degrees, this represents a full cycle of a 

cosine wave. 

Example 1: 

xt = 2cos[2π(1/50)t+0.6π] 

 

for t = 1, 500.  In addition we add normally distributed errors 

with mean 0 and variance 1 to this function in a second plot, 

see below.  In the basic plot, the period T = 50 and the 

frequency is ω = 1/50.  Thus it takes 50 time period to cycle 

through the cosine function.  Before errors are added, the 

maximum and minimum values are +2 and -2, respectively. 

 

Example 2: The following is what the plots look like when we 

change the period to 250 so that the frequency is 1/250 = 

0.004.  The function is 

xt = 2cos[2π(1/250)t+0.6π] 

for t = 1, 500. 
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Notice from the above that longer period (250 for this second 

set of plots versus 50 in the first set of plots) leads to fewer 

cycles. 

2. A Useful Identity 

A useful trigonometric identity is 

Acos(2πωt+ϕ) = β1cos(2πωt)+β2sin(2πωt), 

 

with β1=Acos(ϕ) and β2=−Asin(ϕ). 

This identity is used when we determine the periodogram of a 

series. 

 

3. The Periodogram 

In the area of time series called spectral analysis, we view a 

time series as a sum of cosine waves with varying amplitudes 

and frequencies.  One goal of an analysis is to identify the 

important frequencies (or periods) in the observed series.  A 

starting tool for doing this is the periodogram.  The 

periodogram graphs a measure of the relative importance of 

possible frequency values that might explain the oscillation 

pattern of the observed data. 

Suppose that we have observed data at n distinct time points, 

and for convenience we assume that n is even.  Our goal is to 

identify important frequencies in the data.  To pursue the 

investigation, we consider the set of 

possible frequencies ωj = j/n for j = 1, 2,…, n/2. These are 

called the harmonic frequencies. 
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We will represent the time series as 

 

This is a sum of sine and cosine functions at the harmonic 

frequencies.  The form of the equation comes from the identity 

given above in the section entitled “A Useful Identity”. 

Think of the β1(j/n) and β2(j/n) as regression parameters.  Then 

there are a total of n parameters because we let j move from 1 

to n/2.  This means that we have n data points 

and n parameters, so the fit of this regression model will be 

exact as follows: 
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The first step in the creation of the periodogram is the 

estimation of the β1(j/n) and β2(j/n) parameters.  It is actually 

not necessary to carry out this regression to estimate the β1(j/n) 

and β2(j/n) parameters.  Instead a mathematical device called 

the Fast Fourier Transform (FFT) is used.   

 

After the parameters have been estimated, we define 

 

This is the value of the sum of squared “regression” 

coefficients at the frequency j/n. 

This is the (scaled) periodogram value at the frequency j/n. The 

(scaled) periodogram is a plot of P(j/n) versus j/n for j = 1, 

2, …, n/2. 
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4. Interpretation and Use: 

A relatively large value of P(j/n) indicates relatively more 

importance for the frequency j/n (or near j/n) in explaining the 

oscillation in the observed series.  P(j/n) is proportional to the 

squared correlation between the observed series and a cosine 

wave with frequency j/n.  The dominant frequencies might be 

used to fit cosine (or sine) waves to the data, or might be used 

simply to describe the important periodicities in the series. 

 

Some R Issues 

The Fast Fourier Transform in R doesn’t quite give a direct 

estimate of the scaled periodogram.  A small bit of scaling has 

to be done (and the FFT produces estimates at more frequencies 

than we need).  These things are easy to fix.   

Example 3: The series is n = 128 values of brain cortex activity, 

measured every 2 seconds for 256 seconds.  A stimulus, 

brushing of the back of the hand, was applied for 32 seconds 

and then was stopped for 32 seconds.  This pattern was 

repeated for a total of 256 seconds. The series is actually the 

average of this process for five different subjects. 

A time series plot follows.  We see a regularly repeating 

pattern that seems to repeat about every 30 or so time 

periods.  This may not be surprising.  The stimulus was 

applied for 16 time periods (of 2 seconds) and not applied for 

another 16 time periods (of 2 seconds).  So, we might expect a 

repeating pattern every 16+16 = 32 time periods. 

 

The periodogram shows a dominant spike at a low frequency – 
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It’s hard to judge the exact location of the peak.  It would help 

to print out the first few values of the periodogram and the 

frequencies.  The first 20 scaled periodogram values and 

frequencies follow.  The peak value of periodogram is the fifth 

value, and that corresponds to a frequency of ω = 

0.0312500.  The period for this value T = 1/0.0312500 = 

32.  That is, it takes 32 time periods for a complete 

cycle.  This is what we expected! 

Here’s the code.  The value 128 in a few of the lines is the 

sample size.  The fast Fourier Transform (fft) includes a 

frequency value of 0 and goes all the way to 1.  The second 

line, creates the basis for what we would refer to as the 

unscaled periodogram.  We only need to go to 0.5 for the 

periodogram so in the third line below we pick off the first 

(n/2)+1 = 65 elements of FF (the object created in the second 

line).  Also in the third line, the multiplication by 4/128 (=4/n) 

creates the scaled periodogram.  In a sense, this scaling is 

optional because we would see the same pattern even if we did 

not use this constant. 

 

x = scan("cortex.dat") 

FF = abs(fft(x)/sqrt(128))^2 

P = (4/128)*FF[1:65] # Only need the first 

(n/2)+1 values of the FFT result. 

f = (0:64)/128 # this creates harmonic 

frequencies from 0 to .5 in steps of 1/128. 

plot(f, P, type="l") # This plots the 

periodogram; type = “l” creates a line 

plot.  Note: l is lowercase L, not number 1. 
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Example 4:  The series is semi-annual sunspot activity 

(smoothed number of sunspots) for n = 459 time periods.  This 

is semi-annual data, so this is 459/2 = 229.5 years worth of 

data.  The following time series plot shows ups and downs, but 

it’s hard to judge the span(s) of any regular periodicity. 

 

The odd number of points creates a minor problem as the 

periodogram work was described in terms of an even number of 

points.  There are a few possibilities for dealing with this.  We 

might set aside a data value from one end of the series or pad 

the series with something like the mean value for the 

series.  All tries we made along this path resulted in a 

periodogram that was overwhelmingly dominated by the lowest 

possible frequency.  Generally this is a sign that trend may be 

present.  It is generally best to detrend the data either using 

differences or some sort of trend line before determining the 

periodogram.  The differenced data (for this example) has the 

added benefit of creating a sample size that’s even - with n = 

459 data values there are 458 differences. 

 

Following is the periodogram of the differenced (or detrended) 

data. 
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The dominant peak area occurs somewhere around a frequency 

of ω = 0.05.  Investigation of the periodogram values indicates 

that the peak occurs at nearly exactly this frequency.  This 

corresponds to a period of about T = 1/.05 = 20 time 

periods.  That’s 10 years, since this is semi-annual data.  Thus 

there appears to be a dominant periodicity of about 10 years in 

sunspot activity. 

sunspots=scan("sunspots.dat") 

plot(sunspots,type="b") 

x = diff(sunspots) 

I = abs(fft(x)/sqrt(458))^2 

P = (4/458)*I[1:230] 

freq = (0:229)/458 

plot(freq,P,type="l") 

 

Exercise: 

Please plot the periodograms of Example 1 & 2, and make 

interpretations accordingly. 

 

Solution: 

# "dat" should be a data frame, in which observed 

values should be named "x". 

myPeriodogram <- function(dat) 

{ 

  n <- nrow(dat) 

  dat$FF <- abs(fft(dat$x)/sqrt(n))^2 

  P <- 4/n*dat$FF[1:ceiling(n/2)] 

  f <- (0:floor(n/2))/n 
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  plot(f, P, type="l") 

  freq <- f[order(P, decreasing=T)[1]] 

  period <- 1/freq 

  paste("The maximum P is at frequency ", 

as.character(round(freq, 4)), 

        ", which corresponds to a period of ", 

round(period, 2), ".", sep="") 

} 

 

# Example 1. 

x_1 <- data.frame(t=0:500) 

n <- nrow(x_1) 

set.seed(1234) 

rand <- rnorm(n) 

x_1$x <- 2*cos(2*pi/50*x_1$t+.6*pi)+rand[x_1$t+1] 

myPeriodogram(x_1) 

 

# Example 2. 

x_2 <- data.frame(t=0:500) 

n <- nrow(x_2) 

set.seed(4321) 

rand <- rnorm(n) 

x_2$x <- 

2*cos(2*pi/250*x_2$t+.6*pi)+rand[x_2$t+1] 

myPeriodogram(x_2) 

 

Reference: 

https://onlinecourses.science.psu.edu/stat510/node/71 

Textbook: "Time Series Analysis and Its Applications With R 

Examples", 3rd edition by Robert H. Shumway & David S. 

Stoffer, © 2012, ISBN: 9781441978646. 
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